This article has been merged with arXiv:0905.4047. The 
new article is: 

A Quantum Kirwan Map: Bubbling and Predholm Theory 
for Symplectic Vortices over the Plane, arXiv: 1209.5866 

A QUANTUM KIRWAN MAP, II: BUBBLING 

Fabian Ziltener (Korea Institute for Advanced Study) 

Consider a Hamiltonian action of a compact connected 
Lie group G on an aspherical symplectic manifold (M, u). 
Under suitable assumptions, counting gauge equivalence 
classes of (symplectic) vortices on the plane M 2 conjec- 
turally gives rise to a quantum deformation Qkq of the 
Kirwan map. 

This is the second of a series of articles, whose goal is 
to define Qk g rigorously. The main result is that every 
sequence of vortices with uniformly bounded energies 
has a subsequence that converges to a genus stable 
map of vortices on R 2 and holomorphic spheres in the 
symplectic quotient. 

Potentially, the map Qk g can be used to compute 
the quantum cohomology of many symplectic quotients. 
Conjecturally it also gives rise to quantum generaliza- 
tions of non-abelian localization and abelianization. 
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1. Main result 

Let (M, u) be a symplectic manifold and G a compact connected Lie 
group with Lie algebra q. We fix a Hamiltonian action of G on M and 
an (equivariant) moment map /i : M — >■ g*. Throughout this article, 
we make the following standing assumption: 

Hypothesis (H): G acts freely on /i -1 (0) and the moment map fi is 
proper. 

Then the symplectic quotient M := /i _1 (0)/G is well-defined, smooth 
and closed (i.e., compact and without boundary). Based on ideas by 
D. A. Salamon, in [Zi3] I conjectured that under suitable assumptions 
there exists an algebra homomorphism Qk g from the equivariant co- 
homology of M, tensored with the equivariant Novikov ring, to the 
quantum cohomology of M. 

The idea of proof of the conjecture is to define Qk g by counting sym- 
plectic vortices over M 2 . Once established, this should allow to com- 
pute the quantum cohomology of many symplectic quotients (e.g. those 
arising from suitable linear torus actions on a symplectic vector space). 
Based on the map Q/%, one can formulate quantum versions of non- 
abelian localization and abelianization, see [WZj. 

The present article is the second of a series of papers, whose goal 
is to define Qk g rigorously. The main result is that every sequence of 
vortices with uniformly bounded energy has a subsequence that con- 
verges to a new kind of stable map, consisting of vortices on R 2 and 
holomorphic spheres in the symplectic quotient. 

To explain this, we recall the symplectic vortex equations: Let J 
be an ^-compatible G-invariant almost complex structure on M, (•, -) B 
an invariant inner product on g, and (S,a;s,j) a (smooth) real surface 
equipped with an area form and a compatible complex structure. For 
every principal bundle P over E we denote by A(P) the affine space 
of connections on P, and by Cq(P,M) the set of smooth equivariant 
maps from P to M. We denote 



W(S) := {w := (P, A,u) | P principal G-bundle over S, 

A G A(P), u G Cg(P,M)}. 
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The symplectic vortex equations are the equations 

(1) d J>A (u) = 0, 

(2) ^ + (/iomK = 

for a triple (P,A,u) G W(E). Here for a point x G M we denote by 
L x : q — > T X M the infinitesimal action at x. By dj t A{u) we mean the 
complex anti-linear part of oIaU := du+L u A, which we think of as a one- 
form on E with values in the complex vector bundle (u*TM)/G — > E. 
We view the curvature Fa of A as a two-form on E with values in the 
adjoint bundle Qp := (P x g)/G — > E. Finally, identifying g* with $j via 
(-, -) g , we view /jonasa section of $jp. The vortex equations ffTH2l were 
discovered by K. Cieliebak, A. R. Gaio and D. A. Salamon [CGS], and 
independently by I. Mundet i Riera [Mull lMu2| . 

Two elements w,w' G W(E) are called equivalent iff there exists an 
isomorphism $ : P' — > P of principal G-bundles which descends to the 
identity on E, and satisfies 

u) := (A o d$, M o $) = (A', m'). 

In this case we write w ~ w' '. We define 

(3) W(E) := W(E)/ ~ . 

The equations f|T|2|) are invariant under equivalence. A (symplectic) 
vortex (on Ej is by definition an equivalence class W G W(E), such 
that every representative of W satisfies ( fTpl) . We define the energy 
density of a class W G W(E) to be 

(4) e w :=^(\d A u\ 2 + \F A \ 2 + \^ou\ 2 ), 

where w := (P, A, u) is any representative of W . (Here the norms 
are induced by the Riemannian metrics j-) on E and J-) on 
M, and by (-, -) g . This definition does not depend on the choice of 
w.) Vortices are absolute minimizers of the (Yang-Mills-Higgs) energy 
functional 

E:W{E) ->[0,oo], := / e w ws 

Jt, 

in a given second equivariant homology class. (See [CGS] . Here we 
assume that E is closed, and vortices in the given class exist.) Consider 
E := IR 2 , equipped with the standard area form u>^ '■= ojq and complex 
structure j := i. We define 

(5) M := {(P.A.u) G VV(R 2 ) | QUI}, M:=M/~. 
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Assume that (M,u) is (symplectically) aspherical, i.e., 



Then heuristically, the main result of this article provides a compacti- 
fication for the space of all classes in Ai with fixed finite energy E > 0. 
There are three sources of non-compactness of this space: Consider a 
sequence W v G Ai, v G N, of classes of energy E. In the limit v — > oo, 
the following scenarios (and combinations) may happen: 

1. The energy densitiy of W v blows up at some point in M 2 . 

2. There exists a number r > and a sequence of points z v G M 2 
that converges to oo, such that the energy density of W v on the ball 
B r (z u ) is bounded above and below by some positive constants. 

3. The energy densities converge to 0, i.e., the energy is spread out 
more and more. 

In case 1, by rescaling W u around the bubbling point, in the limit 
v — > oo, we obtain a non-constant J-holomorphic map from M 2 to 
M. Using removal of singularity, this is excluded by the asphericity 
condition. In case 2, we pull W u back by the translation z h-> z + z u , 
and in the limit v — > oo, obtain a vortex on M 2 . Finally, in case 3, we 
"zoom out" more and more. In the limit v — > oo and after removing 
the singularity at oo, we obtain a pseudo-holomorphic map from S 2 to 
the symplectic quotient M = /i _1 (0)/G. 

Hence the limit object is a stable map, consisting of vortices on M. 2 
and pseudo-holomorphic spheres in M (and marked points). This no- 
tion and convergence against a stable map are made precise in Section 



Here an important difference to Gromov-convergence for pseudo- 
holomorphic maps is the following: Although the vortex equations are 
invariant under under all orientation preserving isometries of E, only 
translations on M 2 are allowed as reparametrizations used to obtain a 
vortex on R 2 in the limit. Hence we disregard some symmetries of the 
equations. The reasons are that otherwise the reparametrization group 
would not act with finite isotropy on the set of simple stable maps, and 
that there is no suitable evaluation map on the set of vortices which is 
invariant under rotation. (See Remarks [T21 and [TBI below.) 

In order to state the main result, we also need the following. We 
call the quadruple (M,u, J) (equivariantly) convex at oo iff there 
exists a proper G-invariant function / G C°°(M, [0, oo)) and a constant 




2. 
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C G [0, oo) such that 

u(V v Vf(x), Jv) - oj(V Jv Vf(x), v) > 0, df(x)JL x n(x) > 0, 

for every x G / _1 ([C,oo)) and ^ v G T X M. Here V denotes the 
Levi-Civita connection of the metric u(-, J-). 

We define the image of a class W G W(S) to be the set of orbits of 
u(P), where (P, A, u) is any representative of W. This is a subset of 
M/G. We endow M/C7 with the quotient topology. We are now able 
to formulate the main result. 

Theorem 1 (Bubbling). Assume that hypothesis (H) is satisfied, (M, cu) 
is aspherical, and (M, u, /i, J) is convex at oo. Let k G N := {0, 1, . . .}, 
and for v G N let W u G M. be a vortex and z", . . . , z v k G M 2 be points. 
Suppose that the closure of the image of each W v is compact, and 

E{W V ) > 0, W G N, sup, eN E(W V ) < oo, 

(6) lim sup^^ \z\ - %\ > 0, i/z ^ j. 

Then there exists a subsequence of (W u , z^ := oo, z\, . . . , z%) that con- 
verges to some genus stable map of vortices on M. 2 and pseudo- 
holomorphic spheres in M with k + 1 marked points. 

(The reasons for the additional marked point z^ = oo are explained in 
Remarks [71 and UM below. ) The relevance of Theorem [1] is the following. 
There is an evaluation map from the set 

(7) M <00 := {W G M | image(jy) compact, E(W) < oo}. 

to the product of M and the Borel construction for the action of G on 
M. (See the forth-coming article |Zi3j .) The structure constants of the 
quantum Kirwan map Q/% will be defined by pulling back cohomology 
classes via this evaluation map and integrating them over the space of 
vortices representing a fixed second equivariant homology class. 

To make this rigorous, one has to pass to some finite-dimensional 
approximation of the Borel construction and show that the evaluation 
map is a pseudo-cycle. The proof of this will rely on Theorem [TJ 

Secondly, Theorem [1] will also be used to prove that Qk g is a ring 
homomorphism. (See the argument outlined in |Zi3j .) 

The proof of the theorem combines Gromov compactness for pseudo- 
holomorphic maps with Uhlenbeck compactness. It relies on work 
jCGMSllUS] by K. Cieliebak, R. Gaio, I. Mundet i Riera, and D. A. Sala- 
mon. The idea is the following. In order to capture all the energy, we 
"zoom out rapidly", i.e., rescale the vortices so much that the energies 
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of the rescaled vortices are concentrated near the origin in M 2 . Now we 
"zoom back in" in such a way that we capture the first bubble, which 
may either be a vortex on M 2 or a sphere in M. In the first case we 
are done. In the second case we "zoom in" further, to obtain a finite 
number of vortices and spheres that are attached to the first bubble. 
Iterating this procedure, we construct the whole stable map. 

The proof involves generalizations of results for pseudo-holomorphic 
maps to vortices: a bound on the energy density of a vortex, quanti- 
zation of energy, compactness with bounded derivatives, and hard and 
soft rescaling. The proof that the bubbles connect and no energy is 
lost between them, uses an isoperimetric inequality for the invariant 
symplectic action functional, proved in |Zi2j . based on a version of the 
inequality by R. Gaio and D. A. Salamon |GSj . 

Another crucial point is that when "zooming out", no energy is 
lost locally in M. 2 in the limit. This relies on an upper bound of the 
"moment-map component" of a vortex, due to R. Gaio and D. A. Sala- 
mon. 

Related work and remarks. Assume that E is closed, (H) holds, and 
M is symplectically aspherical and equivariantly convex at oo. In this 
case, in [CGMSj Theorem 3.4], K. Cieliebak et al. proved compactness 
of the space of vortices with energy bounded above by a fixed constant. 
Assume that M and E are closed. Then in |Mul4 Theorem 4.4.2] 
I. Mundet i Riera compactified the space of bounded energy vortices 
with fixed complex structure on S. Assuming also that G := S l , this 
was extended by I. Mundet i Riera and G. Tian in [MT[ Theorem 
1.4] to the situation of varying complex structure. This work is based 
on a version of Gromov-compactness for continuous almost complex 
structure, proved by S. Ivashkovich and V. Shevchishin in [IS] . 

In |Ott[ Theorem 1.8] A. Ott compactified the space of bounded 
energy vortices in a different way, for a general Lie group, and closed M 
and E, the latter with fixed complex structure. He used the approach 
to Gromov-compactness by D. McDuff and D. A. Salamon in [MS]. In 
the case in which E is an infinite cylinder, equipped with the standard 
area form and complex structure, the compactification was carried out 
by U. Frauenfelder in [Frll Theorem 4.12]. 

In [GSJ R. Gaio and D. A. Salamon investigated the vortex equations 
with area form Cuy, in the limit C — > oo. Here E is a closed surface 
equipped with a fixed area form u)%. They proved that three types of 
objects may bubble off: a holomorphic sphere in M, vortices on M 2 , 
and holomorphic spheres in M. (See the proof of [GS1 Theorem A].) 
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In some earlier work (e.g. |CGS] and [Zilj ) . the principal P was 
fixed and the vortex equations where seen as equations for a pair (A, u) 
rather than a triple (P, A,u). (However, in |MT| I. Mundet i Riera 
and G. Tian took the viewpoint of the present article.) The motivation 
for making P part of the data is twofold: 

When formulating convergence for a sequence of vortices on M 2 against 
a stable map, one has to pull back the vortices by translations of M 2 . 
(See Section 12.21 ) If the principal bundle is fixed and vortices are 
defined as pairs (A, u) solving ( 1T|2~j) . then there is no natural such pull- 
back. However, there is a natural pullback if the principal is made part 
of the data for a vortex. (This is true for an arbitrary surface £.) 

Another motivation is the following: If the area form or the complex 
structure on the surface £ vary, then in the limit we may obtain a 
surface £' with singularities. It does not make sense to consider P as 
a bundle over One way of solving this problem is by decomposing 
£' into smooth surfaces, and constructing smooth principal bundles 
over these surfaces. Hence the principal should be viewed as a varying 
object. 

Once P is made part of the data, it is natural to consider equivalence 
classes of triples (P, A, u) rather than the triples themselves, since all 
important quantities, like energy density and energy, are invariant (or 
equivariant) under equivalence. Viewing the equivalence classes as the 
fundamental objects matches the physical viewpoint that the "gauge 
field", i.e., the connection A, is physically relevant only "up to gauge". 

Organization. This article is organized as follows. In Section [2] we de- 
fine the notion of a stable map of vortices on M 2 and pseudo-holomorphic 
spheres in M and convergence against such a stable map. 

The main result of Section 131 (Proposition [181) is that given a sequence 
of rescaled vortices with uniformly bounded energies, there exists a sub- 
sequence that converges modulo bubbling at finitely many points. The 
proof is based on compactness for rescaled vortices on the punctured 
plane with uniformly bounded energy densities (Proposition [T9|) . It 
also uses the fact that at each bubbling point at least the energy E min 
is lost, where E m i n > is the minimal energy of a vortex on M 2 or 
pseudo-holomorphic sphere in M. This is the content of Proposition 
[20| which is proved here by a hard rescaling argument, using Proposi- 
tion [TH] and Hofer's lemma. We also state and prove Lemma [22J, which 
says that the energy densities of a convergent sequence of rescaled vor- 
tices converge to the density of the limit. This is used in the proof of 
Proposition [TSJ 
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The main result of Section H] is Proposition [25 which tells how to 
find the next bubble in the bubbling tree, at a bubbling point of a 
given sequence of rescaled vortices. A crucial ingredient in its proof is 
Proposition [251 (proven in the same section). This result states that 
the energy of a vortex on an annulus is concentrated near the ends, 
provided that it is small enough. 

Based on Sections [3] and HI the main result, Theorem [TJ is proven 
in Section In the appendix we recollect results on vortices, the 
invariant symplectic action, Uhlenbeck compactness, compactness for 
dj, pseudo-holomorphic maps into M and other auxiliary results, used 
in the proof of Theorem [TJ 
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highly profited from his mathematical insight. I am very much indebted 
to Chris Woodward for his interest in my work, for sharing his ideas 
with me, and for his continuous encouragement. It was he who coined 
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Frauenfelder, Kai Cieliebak, Eduardo Gonzalez, and Andreas Ott for 
stimulating discussions. 

2. Stable maps of vortices over the plane and holomorphic 
spheres in the symplectic quotient 

2.1. Stable maps. Let M, u, G, q, (•, -) , /i, J be as in Section [TJ Our 
standing hypothesis (H) implies that the symplectic quotient 

(M = /i- 1 (0)/G,Zj) 

is well-defined and closed. The structure J induces a cJ-compatible 
almost complex structure on M as follows. For every x E M we denote 
by L x : Q — > T X M the infinitesimal action at x. We define the horizontal 
distribution H C T/i _1 (0) by 

H x := ker dfi(x) fl imL^, Va; G /i _1 (0). 

Here _L denotes the orthogonal complement with respect to the metric 
u(; J-) on M. We denote by vr : ~> M ■= // -1 (0)/G the canon- 

ical projection. We define J to be the unique endomorphism of TM 
such that 

(8) J dn = dnJ on H. 

We identify M 2 U {oo} with S 2 . The (Connectedness) condition in 
the definition of a stable map below will involve evaluation of a map 
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S 2 — > M at a given point in S 2 and of a vortex at the point oo G S 2 . In 
order to make sense of the latter, we need the following. We denote by 
Gx the orbit of a point x G M. Let P be a smooth principal G-bundle 
over M 2 and u G Cq(P, M) a map. We define 

u : M 2 M/C7, u(s) := Gu(p), 

where p € F is an arbitrary point in the fiber over z. For l^eWwe 
define 

(9) u w := w, 

where w = (P, A, u) is any representative of W . This is well-defined, 
i.e., does not depend on the choice of w. Recall the definition ([7]) of 

M <OQ . 

Proposition 2 (Continuity at oo). IfW G -M <00 £/ien £/ie map : 
R 2 M/C7 extends continuously to a map f : S 2 —> M/G, such that 
f(oo)EM = fi- 1 (0)/G. 

Proof of Proposition [3 This follows from the estimate (1531) with R = 
oo in Proposition [25] below. (Alternatively, one can use \GS\ Proposi- 
tion 11.1].) □ 

Definition 3. We define the evaluation map 

ev : (C°{S 2 , M/G) x S 2 ) \\(M <00 x {oo}) -> M/G 

as follows. For (u, z) G C°(S 2 , M/G) x S 2 we define 

(10) ev^(w) := ev(u, z) := -u(^). 
Furthermore, for W G .M <00 we define 

(11) eVoo(W):=/(cx>), 

where f is as in Proposition^ 

Definition 4. For every k G No = {0, 1, . . .} a (genus 0) stable map 
of vortices on M 2 and pseudo-holomorphic spheres in M with k + 1 
marked points a tuple 

(12) (W,z):= (V,T,E, (W a ) ae y, (u a ) a£T , (z a p) aE p, (ai,Zi)i=o,...,fc), 

where V and T are finite sets, E is a tree relation on T := V \J T, 
W a G M. <00 (for a &V),u a :S 2 ^M = /i _1 (0)/G zs a J -holomorphic 
map (for a & T), z a p & S 2 is a point for each adjacent pair aEf3, 
a,; E T is a vertex and z% E S 2 is a point, for i = 0, . . . , k, such that 
the following conditions hold. 
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(i) (Special points) 

• If a £ V then z Q = oo. 

• Fix a £ T. Then the points z a p with (3 G T such that aE(3 
and the points z^ with i = 0, . . . , k such that oti = a, are all 
distinct. 

• If a EV and (5 G T are such that aEft then z a p = oo. 

(ii) (Connectedness) Let a, (3 G T be such that aE[3. Then 

ev Zap (W a ) = ev Zpa (Wp). 

Here ev is defined as in [TO]) and 07]) and we set W a := u a if 
aET. 

(Hi) (Stability) If a £ V is such that E(W a ) = then there exists 
i G {1, . . . , k} such that ai = a. Furthermore, if a G T is such 
that E{u a ) = then 

G T | aE(3} + #{i G {0, . . . , k} | a, = a} > 3. 

This definition is modelled on the notion of a genus stable map 
of pseudo-holomorphic spheres, as introduced by Kontsevich in |Koj . 
(For an exhaustive exposition of those stable maps see the book by 
D. McDuff and D. A. Salamon [MS].) 

Remarks. It follows from condition (JI|) that if a G V then there exists 
at most one /3 G T such that aEf5. This means that every vortex is a 
leaf of the tree T. Furthermore, if «o G V then it follows that T = V 
consists only of «o- It follows that if T has at least two elements, then 
a G T, and hence T ^ |. Furthermore, if a G V and G T are 
such that aE(3 then /3 G T. This means that two vortices cannot be 
adjacent. □ 

Remark 5. If 1 < i < k is such that a» G V then Zi ^ oo. This follows 
from condition (jlj). □ 

We fix a stable map (W, z) as in Definition H] and a G T. We define 
the set of nodal points at a to be 

(13) Z a :={z a p\(3eT,aE(3}CS 2 , 

the set of marked points on a to be 

{zi | cti = a,i G {0, . . ., fc}}, 

and the set Y" a o/ special points to be the union of Z a and the set of 
marked points at a. The stability condition (Jml) says that if a £ V is 
such that E(W a ) = then a carries at least one marked point on M 2 . 
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Figure 1. Stable map. The "raindrops" correspond to 
vortices on M. 2 and the spheres to pseudo-holomorphic 
spheres in M. The seven dots are marked points. The 
dashed objects are "ghosts", i.e., they carry no energy. 

(It also carries a special point at oo.) Furthermore, if a G T is such 
that constant map, then a carries at least three special points. 

The stability condition ensures that the action of a natural reparametriza- 
tion group on the set of simple stable maps of a given type is free. (See 
Proposition [TT1 below.) This will be needed in order to show that the 
evaluation map on the set of non-trivial vortices (with marked points) 
is a pseudo-cycle. 

Examples. The easiest example of a stable map consists of the tree 
with one vertex T = V = {cto}, a vortex W G -M <00 , the marked point 
z := oo and a finite number of distinct points Z\ G 1R 2 , % — 1, . . . , k, 
where k > 1 if E(W) = 0. 

As another example we set V := 0. Then a stable map in the new 
sense is a genus stable map of J-holomorphic spheres in M. □ 
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Figure 2. This is the stable map described in Example 
E]with£:=4. 

Example 6. We set k := 0, choose an integer I G No, and define 
V:={1,. ..,£}, T:={0}, E := {(0, 1), (0, £), (1, 0), ...,(£, 0)}, 

a := 0, Zio := oo, Vz = 1, . . . ,£. 

Let zq, z Qi G S* 2 , z = 1,...,£ be distinct points, G .M<oo be such 
that i?(Wj) > 0, for i = !,...,£, and uo a J-holomorphic sphere. If 
£ < 1 then assume that u$ is nonconstant. Then the tuple 

(W, z) := (V, T, {Wi) ie{li ... ;l} , u , ( Zij ) iEj , (0, 2o)) 

is a stable map. (See Figure (21) □ 

Remark 7. In the previous example with 1 = 1 stability of the compo- 
nent a := G T uses the "additional" marked point Zq. This example 
(with £ = 2) will be used in the argument showing that the quantum 
Kirwan map is a ring homomorphism. This is one reason for having the 
extra marked point. (Another one is explained in Remark [141 below.) 
□ 

Example 8. Let (M,u,J,Gf) := (R 2 , Uq, i, S 1 ), equip g := Lie(S 1 ) = 
zK with the standard inner product, and consider the action of S 1 C 
C on R 2 = C by multiplication of complex numbers. We define a 
moment map \x : IR 2 — > g for this action by fi(z) := |(1 — |^| 2 ). In 
this setting, stable maps are classified in terms of their combinatorial 
structure (V,T,E), the location of the special points, and for each 
a G V, a point in some symmetric product of IR 2 . Each such point 
corresponds to a vortex on R 2 . (See the forth-coming article [Zi5] .) □ 
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For the definition of the quantum Kirwan map one needs to show 
that a certain natural evaluation map on the space of vortices on M 2 
(sec [Zi3j) is a pseudo-cycle. This will rely on the fact that its omega 
limit set has codimension at least two. In order to show this, one needs 
to cut down the dimensions of the "boundary strata" by dividing by 
the actions of suitable "reparametrization groups". We define these 
groups as follows. 

We fix two finite sets T, V and a tree relation E on the disjoint 
union T := T]JV such that every element of V is a leaf. We de- 
fine the reparametrization group Gt as follows. We define Aut(T) : = 
Ant (T,V,E) to be the sub group of all automorphisms / of the tree 
(T, E), satisfying /(T) = T and f(V) — V. 

We denote by PSL(2,C) the group of Mobius transformations, i.e., 
biholomorphic maps on S 2 = CP 1 , and by the group of translations 
of the plane M. 2 . We define Aut Q := 7r2 if a G V, and Aut a := 
PSL(2, C) if a G T. We denote by Auty the set of collections (<p a )aeT, 
such that ip a G Aut Q , for every a G T. The group Aut(T) acts on Autr 
by 

/ " (V 9 a)«GT '■= (V 9 /- 1 (a)) aeT ■ 

Definition 9. We define Gt '■= Gji VE to be the semi-direct product 
of Aut(T) and AvXt induced by this action. 

The group PSL(2, C) acts on the set of J-holomorphic maps S 2 — > M 

by 

<P*f ■= f 0( P- 

Furthermore, the group T^2 acts on the set M. <00 by 

(14) <f*[P,A,u] := [(p*P,$*(A,u)], 

where $ : <p*P — > P is defined by $>(z,p) := p, and [P, A, u] denotes 
the equivalence class of (P, A, u). By the combinatorial type of a stable 
map (W, z) as in f JT2|) we mean the tuple T := (V,T,E). We denote 
by 

M(T) :=M(T,V,E) 

the set of all stable maps of (combinatorial) type T. Gt acts on A4(T) 
as follows. For every (/, (<p a )) G Gt and (W, z) G Ai(T) we define 

W a := <P* f{a) W f{a) , Va G T, z' a0 := tpj^ (z f{a)m ) , VaE/3, 
a i ■= f( a i), 4 ■= <Pa^( z <*0> i = °' • • • ' k - 
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(Here we set W a := u a if a G T. Furthermore, for if G 7r2 we set 
<p(oc) : = oo.) 

Definition 10. We define 

(/, fa a ))*(W, z) := (V, T, J5, (W^oer, W (oj, 4)*=o,...,*) • 

This defines an action of on .M(T). Let now (M, J) be an almost 
complex manifold. Recall that a J-holomorphic map u : S 12 — > M is 
called multiply covered iff there exists a holomorphic map <£> : S 2 — > S 2 
of degree at least two, and a J-holomorphic map v : S* 2 — > M, such 
that u = v o ip. Otherwise, u is called simple. 

Returning to the setting of the current section, let u G C°°(S 2 ,M) 
be a J-holomorphic map. We call a stable map (W, z) simple iff the 
following conditions hold: For every a G T the J-holomorphic map « a 
is constant or simple. Furthermore, if a, (3 G V are such that a ^ j3 
and E{W a ) ^ 0, and if G 7r2, then </?*W a ^ W^. Moreover, if a, p G T 
are such that a ^ (3 and u a is nonconstant, and </? G PSL(2, C), then 
V9*-u Q = u a o if ^ up. We denote by 

M*(T) := M*(T, V, E) C A1(T) 

the subset of all simple stable maps. The action of on A'l (T) leaves 
A^*(T) invariant. 

Proposition 11. The action of Gt on AA*(T) is free. 

Proof of Proposition XTK This follows from an elementary argument, 
using the stability condition (Jm]), the freeness of the action of 7ir2 on 
M <00 (see Lemma [36] in the appendix), and the fact that every sim- 
ple holomorphic sphere is somewhere injective (see [MS| Proposition 
2.5.1]). ' □ 

Heuristically, this result implies that the quotient 

M*(T)/G T 

is canonically a smooth finite dimensional manifold. This will be im- 
portant for the pseudo-cycle property of the evaluation map defined on 
the set of vortices on R 2 . 

Remark 12. The action of 7^2 on -M <00 extends to an action of the 
group Isom + (R 2 ) of orientation preserving isometries of M 2 . Hence one 
may be tempted to adjust the definition of the reparametrization group 
Gt and its action on A4*(T) accordingly. However, for the purpose of 
defining the quantum Kirwan map, this is not possible. The reason is 



A QUANTUM KIRWAN MAP, II: BUBBLING 



15 



that in general there is no evaluation map on Ai <00 that is invariant 
under the action of Isom + (IR 2 ). This is a crucial difference between 
vortices and pseudo-holomorphic curves. Note also that the action of 
Isom + (IR 2 ) on the set of vortices of positive energy is not always free. 
(For an example see [Zi5] .) See also the Remark [T5l □ 

2.2. Convergence against a stable map. In order to define conver- 
gence, we need the following notation. Let a G T and i — 0, . . . , k. We 
define z a ^ G S 2 as follows. If a = cti then we set 

(15) z a ^ '.= Z{. 

Otherwise let f3 G T be the unique vertex such that the chain of vertices 
of T running from a to is given by (a, (3, ... , ctj). (f3 = a>i is also 
allowed.) We define 

(16) z a> i := z a p. 
We define 

(17) M* := {x G Af|if g G G : gx = x g = l}. 

Note that /i _1 (0) C M* by our standing hypothesis (H). Recall the 
definitions ( J9lll3fl4l) of uw, Z a and the action of 7r2 on M. <co . Let 
k > 0, for v G N let W u G M <00 be a vortex and z",...,z% el 2 be 
points, and let 

(W, z) := (V, T, E, (W a ) aeT , (z a p) aE(3 , (a { , z,-)^,...,*) 

be a stable map. Here we use the notation W a := u a if a G T. For a 
J-holomorphic map / : S 2 — > M we denote its energy by 

E(f) = [ ru. 

Js 2 

Let E be a compact smooth surface (possibly with boundary). Recall 
the definition (EJ) of W(S). We define the C°° -topology on this set as 
follows: We fix a smooth principal G-bundle P over E and a C°°-open 
subset U C ^.(P) x C™{P,M). (This means that W is C fc -open for 
some G N .) We define 

Z7:= {[P,A,«] | (A,u) eU). 

We define 

(18) r s := {Z7 | P, W as above}. 

Let S be a smooth surface, W = [P, A, u] G W(S), and OCSan open 
subset with compact closure and smooth boundary. We define the 
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restriction W\Q to be the equivalence class of the pullback of (P, A, u) 
under the inclusion map Q — > E. 

Definition 13 (Convergence). The sequence (W u , Zq := oo, z\, . . . , z%) 

is said to converge to (W, z) as u — )■ oo iff the limit E : = lim^oo E(W U ) 
exists, 

(19) E = Y,E(W Q ), 

aeT 

and there exist Mobius transformations (p u a : S 2 — >■ S 2 , for a G T := 
V ]J T, v G N, such that the following conditions hold. 

(i) • If a G V then tp v a is a translation on M? . 

• For every a G T we have <^(z Q)0 ) = oo ; where z a $ is defined 
as in l[T5\) . n~b}) . 

• Let a G T andtp a be a Mobius transformation such that ip a (oo) = 
z a fi. Then the derivatives [}p v a oip a )\z) converge to oo, for ev- 
ery z G M 2 = C. 

(ii) If a, (3 G T are such that aE/3 then (y^) -1 o — > z a p, uniformly 

on compact subsets of S 2 \ {zpa}. 
(Hi) • Let a G V and Q C R 2 be an open subset with compact closure 
and smooth boundary. Then the restriction of {tPaYWv to Q 
converges to W a with respect to the topology Tq (as defined in 

ma. ' 

• Fix a G T. Let Q be a compact subset of S 2 \ (Z a U {z ai0 }). 
For v large enough, we have 

< :=%„o^)CM7G, 

and u v a converges to u a in C 1 on Q. (Here uw y is defined as 
m (TJj.; 

(iv) We have (y^)" 1 (z%) — > Zi for every i = 1, . . . , k. 

(See Figure (31) This definition is based on the notion of convergence 
of a sequence of pseudo-holomorphic spheres to a genus stable map of 
pseudo-holomorphic spheres. (For that notion see for example [MSJ). 

Remark. The last part of condition (JI|) and the second part of con- 
dition (!m|) capture the idea of catching a pseudo-holomorphic sphere 
in M by "zooming out": Fix a G T, and consider the case z a ^ = oo. 
Then there exist \ v a G C \ {0} and z v a G C such that <f u a {z) = \ v a z + z v a . 
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Figure 3. Convergence of a sequence of vortices on M 2 
against a stable map. 
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It follows from a direct calculation that {y%)*W lt is a vortex with 
respect to the area form u; s = |A^| 2 u;o, where oj denotes the standard 
area form on R 2 . 

The last part of condition (JI|) means that X a — > oo, for v — > oo. 
Hence in the limit i/^oowe obtain the equations 

9j,a(u) =0, fiou = 0. 

These correspond to the J-Cauchy-Riemann equations for a map from 
R 2 = C to M. (See Proposition |45j) The second part of (Jm} imposes 
that the sequence of rescaled vortices converges (in a suitable sense) to 
the J-holomorpic sphere u a . □ 

Remark. The "energy-conservation" condition ( 1T91) has the important 
consequence that the stable map (W, z) represents the same equivari- 
ant homology class as the vortex W u , for v large enough. (See [Zi3j.) 
□ 

Remark 14. One purpose of the additional marked point (ao, zq) is to 
be able to formulate the second part of condition (Jm}. (Another one is 
explained in Remark [7] above.) For a G T and v G N the map Gu v oLp v a 
is only defined on the subsets (<^) _1 (R 2 ) C S 2 . Since by condition 
(JTJ) we have <p v a {z a p) — °°; the composition uw v ° fa '■ Q — > M/G is 
well-defined for each compact subset Q ^ S 2 \ (Z a U {z at0 }). Hence the 
the second part of condition (lull) makes sense. □ 

Example. Let M, u etc. be as in Example El Then a sequence W v G 
■M<oo converges to a stable map if and only if the total degree of 
W v equals the sum of the degrees of the vortex components of the 
stable map, and for each a G V, up to translations, the point in the 
symmetric product of M. 2 corresponding to W u , converges to the point 
corresponding to the vortex W a . (See [Zi5j .) □ 

Remark 15. One conceptual difficulty in defining the notion of con- 
vergence is the following. (Compare also to Remark [T2l ) Consider the 
group Isom + (E) of orientation preserving isometries of S (with respect 
to the metric uj^(- , j ■)) . (This coincides with the group of diffeomor- 
phisms of E that preserve the pair (ws, j)-) This group acts on W(S) 
(defined as in ([3])), as in (TT4|) . The set -M <0 o of finite energy vortices 
is invariant under this action. 

Hence naively, in the definition of convergence one would allow ip a to 
be an orientation preserving isometry of M 2 , rather than just a trans- 
lation. The problem is that with this less restrictive condition, there is 
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no evaluation map on the set of stable maps, that is continuous with 
respect to convergence. (Such a map is needed for the definition of the 
quantum Kirwan map.) 

Note here that we cannot define evaluation of a vortex W at some 
point z G £ by choosing a representative of W and evaluating it at some 
point in the fiber over z, since this depends on the choices. Instead, 
evaluation of W at z yields a point in the Borel construction for the 
action of G on M. (See [Zi3].) □ 

3. Compactness modulo bubbling for rescaled vortices 

In this section we consider a sequence of rescaled vortices on M 2 with 
image in a fixed compact subset of Mj G and uniformly bounded ener- 
gies. We assume that (M,u) is aspherical. The main result, Proposi- 
tion [TS] below, is that there exists a subsequence that away from finitely 
many bubbling points, converges to either a rescaled vortex on M 2 or 
a J-holomorphic sphere in M. This is a crucial ingredient of the proof 
of Theorem [TJ 

In order to explain the result, let M, u, G, $j, (•, -) g , /x, J, S, be as 
in Section [TJ Recall the definition flU of the energy density e^'- 7 := ew 
of a class W G W(E). 

Remark 16. This density has the following transformation property: 
Let E' be another real surface, and (p : £' — > E a smooth immersion. We 
define the pullback <p*W as in ( I14p . Then a straight-forward calculation 
shows that 

(20) = o <p, 

and W is a vortex with respect to (u>z,j) if and only if tp*W is a vortex 
with respect to (p*(cuz,j). □ 

Remark 17. If W is a vortex (with respect to (u^, j)) then 

(21) = \dj A u\ 2 + \fiou\ 2 , 

where dj^u is the complex linear part of cIah, viewed as a one-form 
on E with values in (u*TM)/G — > E. This follows from the vortex 
equations ffl|2]) . □ 

Let R G [0, oo] and W G W(£). Consider first the case < < oo. 
Then we define the R- energy density of W to be 

(22) el := i^e^. 
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This means that 

(23) e* = \(\d A u\ 2 ^ + R~ 2 \F A \l s + R 2 \fio u \ 2 ), 

where the subscript "cue" means that the norms are taken with respect 
to the metric u^(-,j-). 

If R = or oo then we define 

e w ■= \\dAu\ 2 ^. 

We define the R- energy of W on a measurable subset X C £ to be 

£ R (^,X):= / e^ s G [0,oo]. 
Jx 

The density and the energy have the following rescaling property: Con- 
sider the case = (M. 2 ,u ,i), where u denotes the standard 
area form on K 2 . Assume that < R < oo, and consider the map 
ip : IR 2 -> M 2 defined by ip(z) := Rz. Then equality ([20]) implies that 

= Re^' o (p. 

Remark. The factor i? 2 in the definition ([22]) is important for the sub- 
sequent analysis (bubbling, convergence with bounded energy density 

etc.). However, the density e^^ E is more intrinsic. (Compare to (I20p.) 
□ 

The (symplectic) R-vortex equations are the equations f[T1l2l with cu s 
replaced by R 2 uj;, i.e., the equations 

(24) 8 JA (u) = 0, F A + i? 2 (/i o M ) Ws = 0. 

In the case R = oo we interpret the second equation in ( 1241) as 

yU o u = 0. 

Remark. Consider the case (E,u>z,j) = (R 2 ,u ,i) and < i? < oo, 
and the map ip : M 2 — > IR 2 given by <^(z) := Rz. It follows from Re- 
mark [16] that a class G W(IR 2 ) is a vortex if and only if p*W is an 
i?-vortex. □ 



Remark. The rescaled energy density has the following important 
property. Let R v G (0, oo) be a sequence that converges to some Rq G 
[0, oo], and for v G N let W v be an R v - vortex. If W v converges to W 
in a suitable sense then 
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(See Lemma 1221 below.) In the proof of Theorem (U this will be used in 
order to show that locally on IR 2 no energy is lost in the limit v — > oo. 
□ 

We define the minimal energy E min as follows. Recall the definition 
([5]) of Ai, and that we denote the energy of a J-holomorphic map 
/ : S 2 M by E(f) = J s2 f*uJ. We define 

(25) E v := inf ({E(W) \ W G M : image (W) compact} n (0,oo)), 
E := inf ({£(/) \ f G C°°(S 2 ,M) : Bj(f) = 0} fl (0, oo)), 

(26) E min :=mm{E v ,E}. 

Here we used the convention that inf = oo. Assume that M is equiv- 
ariantly convex at oo. Then Corollary [301 below implies that Ey > 0. 
Furthermore, our standing assumption (H) implies that M is closed. It 
follows that E > (see for example [MS, Proposition 4.1.4]). Hence 
the number E min is positive. 

The results of this and the next section are formulated for connec- 
tions and maps of Sobolev regularity. This is a natural setup for the 
relevant analysis. Furthermore, we restrict our attention to the triv- 
ial bundle E x G. (Since every smooth bundle over M 2 is trivial, this 
suffices for the proof of the main result.) 

We fix p > 2 and naturally identify the affine space of connections 
on E x G of local Sobolev class W^j? with the space of one-forms on S 
with values in g, of class W^f. Furthermore, we identify the space of 
G-equivariant maps from E x G to M of class W 1( £ with W 1( ^(T1, M). 
Finally, we identify the gauge group (i.e., group of gauge transforma- 
tions) on E x G of class W 2 * with W^ C P (E, G). We denote 

W (S) :=fi 1 (E, )xL7 oo (E,M), 

W P (E) := {W^f-one-form on E with values in g} x W^(E,M). 

- — - p 

We call a solution (A, u) G Wo (S) of the equations f[2~4|) an R-vortex 
over E. (It will be clear from the notation whether the term U R- 
vortex" refers to such a pair (A, u) or to an equivalence class W of 
triples (P,A,u).) The gauge group W^(H,G) acts on Wo P (E) by 

g*{A,u) := (ad g -i A + g^dg, g^u), 

where ad go : g — > g denotes the adjoint action of an element g G G. 

p 

Let w G Wo (S), R G [0, oo], and X C E be a measurable subset. We 
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denote by [w] the gauge equivalence class of w, and denote 

el := eg,], E R (w,X) := E R {[w],X) etc. 

For r > we denote by B r C M 2 the open ball of radius r, around 0. 

Proposition 18 (Compactness modulo bubbling). Assume that (M, uj) 

is aspherical. Let R v G (0, oo) be a sequence that converges to some 

Ro G (0, oo], r v G (0, oo) a sequence that converges to oo, and for every 

- — p 

v G N let w v = (A v ,u u ) G Wo (B rv ) be an R v -vortex (with respect to 
(uq,z)). Assume that there exists a compact subset K C M such that 
u v {B rv ) C K , for every v. Suppose also that 

sup E Rv (w v , B Tv ) < oo. 

v 

Then there exist a finite subset Z C ]R 2 and an R -vortex Wq := 
(Aq,uo) G Wo(M 2 \ Z), and passing to some subsequence, there ex- 
ist gauge transformations g v G W^(M. 2 \Z,G), such that the following 
conditions hold. 

(i) If Ro < oo then Z = and the sequence gl(A u ,u v ) converges to 
Wq in C°° on every compact subset ofM?. 

(ii) If Ro = oo then on every compact subset ofR 2 \ Z, the sequence 
g^A u converges to A in C° , and the sequence g„ x u v converges to 
Uo in C 1 . 

( iii ) Fix a point z G Z and a number eo > so small that B £o (z)C\Z = 
{z}. Then for every < e < Eq the limit 

E z (e) := lim E R "(w U: B £ (z)) 

exists and 

E z (e) > E min . 

Furthermore, the function (0,£o) 3 £ ^ E z (e) G [E min , oo) is 
continuous. 

Remark. Convergence in conditions (pHi|) should be understood as 
convergence of the subsequence labelled by those indices v for which 
B Tv contains the given compact set. □ 

This proposition will be proved on page [321 The strategy of the 
proof is the following. Assume that the energy densities e R " are uni- 
formly bounded on every compact subset of M 2 . Then the statement 
of Proposition [TS] with Z = follows from an argument involving Uh- 
lenbeck compactness, an estimate for dj, elliptic bootstrapping (for 
statement and a patching argument. 
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If the densities are not uniformly bounded then we rescale the maps 
w u by zooming in near a bubbling point z Q in a "hard way" , to obtain 
a positive energy i? -vortex in the limit, with R G {0, 1, oo}. If R Q < 
oo then R$ = 0, and we obtain a J-holomorphic sphere in M. This 
contradicts symplectic asphericity, and thus this case is impossible. 

If Rq = oo then either R = 1 or R = oo, and hence either a vortex 
on R 2 or a pseudo-holomorphic sphere in M bubbles off. Therefore, at 
least the energy E min is lost at Zq. Our assumption that the energies of 
w u are uniformly bounded implies that there can only be finitely many 
bubbling points. On the complement of these points a subsequence of 
w v converges modulo gauge. 

The bubbling part of this argument is captured by Proposition |2"U1 
below, whereas the convergence part is the content of the following 
result. 

Proposition 19 (Compactness with bounded energy densities). Let 

Z C M 2 be a finite subset, R v > be a sequence of numbers that 
converges to some Rq G [0, oo], Q± C Q 2 Q ■ ■ ■ Q R 2 \ Z open subsets 
such that [j u Q v = R 2 \ Z, and forueN let w v = (u v , A v ) G \VL v ) 
be an R u -vortex. Assume that there exists a compact subset K C M 
such that for v large enough 

(27) u v {n v ) C K. 

Suppose also that for every compact subset Q CK 2 \ Z , we have 

(28) sup { ||e*; Hl-cq) | v G N : Q C Q v } < oo. 

Then there exists an R^-vortex wo '■— (A ,u ) G Wo(M 2 \ Z), and 
passing to some subsequence, there exist gauge transformations g v G 
W^(R 2 \ Z,G), such that the following conditions are satisfied. 

(i) If Rq < oo then g* v w v converges to wo in C°° on every compact 
subset of M 2 \ Z . 

(ii) If Rq = oo then on every compact subset ofM?\Z, g*A u converges 
to A in C°, and g~ l u u converges to u in C 1 . 

The proof of this result is an adaption of the argument of Step 5 
in the proof of Theorem A the paper by R. Gaio and D. A. Salamon 
[GSJ. The proof of statement fli]) is based on a compactness result in the 
case of a compact surface £ (possibly with boundary). (See Theorem 
I2H below. That result follows from an argument by K. Cieliebak et 
al. in [CGMSJ.) The proof also involves a patching argument for 
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gauge transformations, which are defined on an exhausting sequence of 
subsets of R 2 \ Z. 

To prove statement (jn]), we will show that curvatures of the connec- 
tions A v are uniformly bounded in W 1,p . This uses the second rescaled 
vortex equations and a uniform upper bound on p o u v (Lemma [31]) . 
due to R. Gaio and D. A. Salamon. The statement then follows from 
Uhlenbeck compactness with compact base, compactness for Bj, and a 
patching argument. 

Proof of Proposition E3 We choose i G N so big that the balls By io (z), 
z G Z, are disjoint and contained in Bi . We fix i G No and define 

X* :=B i+i0 \ \\B_^(z) CI 2 

zez 

We prove statement Assume that Ro < oo. Using the hy- 
potheses fl27|28l) . it follows from Theorem [3H below that there exist an 
infinite subset I 1 C N and gauge transformations g\ G W 2 ' P (X 1 ,G) 
(u G J 1 ), such that X 1 C Q u and w\ := (A^,ul) := (^)*(w I ,|X 1 ) is 
smooth, for every z/ G J 1 , and the sequence (u^^g/i converges to some 
i? -vortex w 1 G WoP^ 1 ), in C°° on X 1 . 

Iterating this argument, for every % > 2 there exists an infinite subset 
P C P _1 and gauge transformations g l v G W /2 ' p (X i ,G) G /*), such 
that X* C VL U and to* := {A l v ,u l v ) := (^)*(w I/ |X i ) is smooth, for every 
v G P, and the sequence (iu*)„ e ji converges to some Ro- vortex w l G 
WopsT 1 ), in C°° on X\ 

Let z G N. For v G J 1 we define ^ := (g'+^X 1 ) -1 ^. We have 
(hi)*( y Al +1 \X i ) = A*,. Furthermore, (A^^p+i and (A^^p+i are 
bounded in W k,p on X 1 , for every fceN. Hence it follows from Lemma 
l43l below that the sequence (h l u ) u€ ji+i is bounded in W k,p on X 1 , for 
every k G N. Hence, using the Kondrachov compactness theorem, it 
has a subsequence that converges to some gauge transformation h % G 
C°°(X\ G), in C°° on X\ Note that 

(29) {h i Y{w i+1 \X i )=w i . 

We choose a map p % : X l+1 — >■ X* such that p* = id on X* -1 . We 
define 1 k l :— h 1 , and recursively, 

(30) k* := h^k 1 " 1 o p 4 - 1 ) g C°°(X\ G), Vi > 2. 



1 This patching construction follows the lines of the proofs of |Frl[ Theorem 3.6 
and Theorem A. 3]. 
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Using (I29p and the fact p % 1 = id on X 1 2 , we have, for every % > 2, 
(F)*u/ +1 = (A;*- 1 o p l - x )*vf = (AT 1 ) W, on X*- 2 . 

It follows that there exists a unique w G Wo(M 2 \ Z) that restricts to 
(A; i+1 )W +2 on X*, for every z G N. Let i G N. We choose v^ G 
such that Vi > i and a map r* : M 2 \ Z — > X 1 that is the identity on 
X*" 1 . We define g { := (tfJ+W) or ! e C°°(M 2 \ Z,G). The sequence 
g*w Vi converges to w, in C°° on every compact subset of M 2 \ Z. (Here 
we use the c7°°-convergence on X % of (wl) u€ p against w % and the facts 
X x C X 2 C • • • and U £ n X * = ^ 2 \ Z.) Statement © follows. 
We prove statement On]). Assume that i?o — °°- 



Claim 1. For every compact subset Q C I 2 \ 2 we have 

(31) sup{||F A J L p (Q) \ v G N : Q C O,} < cx). 

Proof of Claim LH Let H C I 2 be an open subset containing Q such 
that Q is compact and contained in IR 2 \ Z. Hypothesis (128]) implies 
that 

(32) sup ||d^Wi/||L«(n) < 00 • 

v 

It follows from our standing hypothesis (H) that there exists 5 > such 
that G acts freely on 

X := {x G M\ \fi(x)\ < 5}. 
Since /i is proper the set K is compact. It follows that 

\i\ 



(33) sup 



Using the second vortex equation, we have |//oit„| < ^/e^/R u . Hence 
by hypothesis ( 128]) and the assumption R u — > oo, we have H/io-u^H^nc^ < 
5, for v large enough. Using (I32|33p . Lemma I3~T1 implies that 

SUpi? 2 ||/i o W„||jy»(Q) < OO. 
v 

Estimate (|3"T|) follows from this and the second vortex equation. This 
proves Claim [TJ □ 

Using Claim [TJ Theorem Hi] (Uhlenbeck compactness) below implies 
that there exist an infinite subset I 1 C N and gauge transformations 
G 1U 2 ' P (X 1 , G), for v G I 1 , such that X 1 C ft„, for every v G J 1 , and 
the sequence A\ := ((^^(A^X 1 ) converges to some H^'P-connection 
A 1 over X 1 , weakly in W 1)P on X 1 . By the Kondrachov compactness 
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theorem, shrinking I 1 , we may assume that A\ converges (strongly) in 
Con! 1 . 

Iterating this argument, for every % > 2 there exist an infinite subset 
P C P^ 1 and gauge transformations g l v G W 2 ' p (X l , G), for v G P, such 
that X 4 C Vl Vl for every z/ G P, and the sequence A l u := (g*)*(A,|X l ) 
converges to some jy^-connection A 1 over X 1 , weakly in W 1 ^ and in 
C° on X\ 

Let « G N. For z/ G P we define ^ := ((7* +1 |X J ) _1 <7* . An argu- 
ment as in the proof of statement using Lemma H3J implies that 
the sequence (h l u ) u€ p has a subsequence that converges to some gauge 
transformation h % G W 2 ' P (X\ G), weakly in W 2,p on X\ 

Repeating the construction in the proof of statement and using 
the weak W 1,p - and strong C°- convergence of A* on X*, we obtain 
i/i>i' + landfte iy 2 ' p (M 2 \ Z,G), for % G N, such that v t G 
and g*A„. converges to some iy 1,p -connection A over M 2 \ Z, weakly in 
W 1,p and in C° on every compact subset of IR 2 \ Z. 

Replacing the set K by the compact set GK, we may assume w.l.o.g. (with- 
out loss of generality) that K is G- invariant. Hence passing to the sub- 
sequence we may assume w.l.o.g. that A v converges to A, weakly 
in W 1,p and in C° on every compact subset of M? \ Z. 

Claim 2. The hypotheses of Proposition with k = 1 are satisfied. 

Proof of Claim [H Let Q C ]R 2 \ Z be an open subset with compact 
closure, and u G N be such that Q C f2„ . Since the sequence (A u ) 
converges to A, weakly in W 1,P (Q), we have 

(34) sup 11^11^1^(0) < oo. 

V>VQ 

Condition ( 1102 j) is satisfied by the assumption (1271) . We check con- 
dition (I103j) : We denote by |0| the area of Q and choose a constant 
C > such that X^(x) < C|£|, for every x G K and £ G g. For z/ > z/ , 
we have 

I II lp(^) < ||dA v «i/||ip(n) + ||^i/||LP(n) 

(35) < \Vt\v\\d Av u u \\ L ^ { y l) + CWA^lp^). 

Here the second inequality uses the hypothesis (TS7J). Combining this 
with (j2HP and condition (fTUHj) follows. 

Condition (1 104ft follows from the first vortex equation, ( 1341) . H 1 03j) . 
and hypothesis (j27p . This proves Claim [2J □ 
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By Claim [2} we may apply Proposition 02j to conclude that, passing 
to some subsequence, u v converges to some map u G W 2,P (M. 2 \ Z), 
weakly in W 2,p and in C l on every compact subset of M 2 \ Z. The pair 
w := {A,u) solves the first vortex equation. Furthermore, multiplying 
the second R v - vortex equation with R~ 2 , it follows that p u = 0. 
This means that w is an oo- vortex. By Proposition [45] below the map 
Gu : IR 2 \ Z — > M is J-holomorphic. Hence it is smooth. It follows 
that there exists a gauge transformation g G W 2 ' P {R 2 \ Z, G) such that 
g*(A,u) is smooth. (We obtain such a g from a smooth lift of the map 
Gu to a map IR 2 \ Z — >■ /i _1 (0). Such a lift exists, since by hypothesis, 
G is connected.) Regauging A v by g, statement (Jn]) follows. This 
completes the proof of Proposition [191 D 

Remark. One can try to circumvent the patching argument for the 
gauge transformations in this proof by choosing an extension g l u of g l v 
to IR 2 \ Z, and defining g v := g". However, the sequence (g u ) does not 
have the required properties, since g*w v does not necessarily converge 
on compact subsets of M 2 \ Z. The reason is that for j > i the trans- 
formation gl does in general not restrict to gl on X 1 . □ 

Remark. It is not clear if in the case Rq = oo the g u 's can be chosen 
in such a way that glw u converges in C°° on every compact subset of 
IR 2 \ Z. To prove this, a possible approach is to fix an open subset of 
IR 2 with smooth boundary and compact closure, which is contained in 
1R 2 \ Z. We can now try mimic the proof of [CGMS, Theorem 3.2]. In 
Step 3 of that proof the first and second vortex equations (and relative 
Coulomb gauge) are used iteratively in an alternating way. This itera- 
tion fails in our setting, because of the factor R 2 in the second vortex 
equations, which converges to oo by assumption. □ 

The next ingredient of the proof of Proposition [18] is the following. 
Recall the definition (12T)|) of E min . The next result shows that if the 
energy densities of a sequence of rescaled vortices are not uniformly 
bounded on some compact subset Q, then at least the energy E min is 
lost at some point in Q. 

Proposition 20 (Quantization of energy loss). Assume that (M,u) is 

aspherical. Let Q C M 2 be an open subset, < R v < oo a sequence such 

- — p 

that mf u R l , > 0, and w u G Wo (fi) an R u -vortex, for v G N. Assume 
that there exists a compact subset K C M such that u u (Q) C K for 
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every v and that sup^ E Rv {w v ) < oo. Then the following conditions 
hold. 

(i) For every compact subset Q Cl] we have 

sup R~ 2 1 1 1 1 c o ( Q ) < oo. 

(ii) If there exists a compact subset Q C Q such thatsup u ||e^||c°(Q) = 
oo then there exists Zq G Q with the following property. For every 
e > so small that B e (zq) C Q we have 

(36) limsup E R »(w„, B £ {z )) > E min . 

v— >oo 

The proof of Proposition |2"U1 is built on a bubbling argument, as in 
step 5 in the proof of Theorem A in |GSj . The idea is that under the 
assumption of (Jn|) we may construct either a J-holomorphic sphere in 
Mora vortex over M?, by rescaling the sequence w v in a "hard way". 
This means that after rescaling the energy densities are bounded. We 
need the following two lemmata. 

Lemma 21 (Hofer). Let (X,d) be a metric space, f : X — > [0, oo) a 

continuous function, x G X , and 5 > 0. Assume that the closed ball 
B2s{x) is complete. Then there exists (el and a number < e < 5 
such that 

d(x, < 26, sup / < 2/(0, e/(0 > Sf(x). 

Sett) 

Proof. See [MSl Lemma 4.6.4]. □ 

The next lemma ensures that for a suitably convergent sequence of 
rescaled vortices in the limit v — > oo no energy gets lost on any compact 
set. Apart from Proposition [201 it wm a l so be used in the proof of 
Propositions [18] and [2H and Theorem [TJ 

Lemma 22 (Convergence of energy densities). Let (E, o;s, j) be a sur- 
face without boundary, equipped with an area form and a compatible 
complex structure, R u G [0, oo), v GN, a sequence of numbers that con- 
verges to some Rq G [0,oo], and for v G N letw u := (A„,u u ) G Wo (£) 
an R v -vortex. Assume that on every compact subset o/E ; A v converges 
to A in C° and u v converges to u in C 1 . Then we have 

Ru i. 



(37) ^ e 

in C° on every compact subset o/E. 
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Proof of Lemma EH In the case Rq < oo the statement of the lemma 
is a consequence of equality ( 123|) . 

Consider the case R Q = oo. It follows from our standing hypothesis 
(H) that there exists a constant 5 > such that G acts freely on 

K := {x G M\ < 5}. 

Properness of fi implies that K is compact. 

Let Q C £ be a compact subset. The convergence of « v and the 
fact p h = imply that for v large enough, we have u v {Q) C fC 
Furthermore, our hypotheses about the convergence of A v and imply 
that sup„ ||dA„'M I /||co(Q) < 00 • Finally, since K is compact and G acts 
freely on it, we have 



sup 



xG-fC, 7^ £ G g ^ < oo 



Therefore, we may apply Lemma ED below, to conclude that 

sup Rl~ 2 / p \n o u v \ < oo. 
Q 

Since p > 2, R u — > oo, and e^ = ||rfA Wo| 2 , the convergence fl37j) 
follows. This completes the proof of Lemma [221 D 

In the proof of Proposition [20] we will also use the following. 

- p 

Remark 23. Let (A,u) G Wo (M 2 ) be an oo-vortex, i.e., a solution of 
the equations <9j,a( m ) = anc ^ P M = C By Proposition 1451 below the 
map C7u : M 2 — >■ M = /x _1 (0)/G is J-holomorphic, and £?°°(A,ti) = 
E(u). If this energy is finite, then by removal of singularities the map 
u extends to a J-holomorphic map u : S 2 — » M. (See for example 
[MSl Theorem 4.1.2].) It follows that E°°(w) > E min , provided that 
E°°(w) > 0. □ 

Proof of Proposition [2(\ We write (A u ,u u ) := uv Consider the func- 
tion 

fv ■= \oIa v u u \ + R v \fi o u v \ : Q -> K. 

Claim 1. Suppose that the hypotheses of Proposition [2Ch are satisfied 
and that there exists a sequence z u G Q that converges to some z G Q, 
such that f u (z u ) — > oo. Then there exists 

R 

(38) < r < lim sup — ^— (< oo) 
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and an r -vortex Wq G Wo(M 2 ) ; such that 

(39) < E r °(w ) < limsup E R »{w u ,B £ (z )), 

for every e > so small that B £ (zq) C Q. 

Proof of ClaimUl Construction of ro: We define 5 U := f u (z u )~^ . For 
v large enough we have B 2 s v (z v ) C Q. We pass to some subsequence 
such that this holds for every v. By Lemma I2TI applied with (/, x, 5) : = 

(f u ,z u ,6 u ), there exist ( u E -825^(^0) and e u < 6 V , such that 

(40) \Cu~z u \ < 2S U , 

(41) sup /„ < 2/„(C„), 

(42) £„/„(£,) > Mzrf. 

Since by assumption f u (z u ) — >■ 00, it follows from ( I40p that the sequence 
converges to z - We define 

c„ := fv((v), Q. v := {c u (z -Q\zE O}, 

: ->> ^(S) := c~ 1 z + („, 

£;„ := v?*w^ = (<p* v A v ,u v o ^ := c~ x R v . 

Note that is an i?„-vortex. Passing to some subsequence we may 
assume that R v converges to some r G [0, 00]. Since e u < 5 U = 
fu(z u )~2 it follows from (j4"2"|) that f u (z v ) < f u (Cu)- It follows that 
the second inequality in ( I38|) holds for the original sequence. 

Construction of wq: We check the conditions of Proposition [Jj|] 
with (Z,fl u ) : = (0, Ui/=i 1/^) an d Ru,uj u replaced by R u ,w u : Con- 
dition ( I27|) is satisfied by hypothesis. 

We check condition ( 1281) : A direct calculation involving (|4T!) shows 
that 

(43) + Ru\^ ° Sj/I = c^ 1 /^ fu < 2, onB El/C „(0). 

It follows from (j4"2"]l and the fact f v {z v ) — >■ 00, that e^c^ — >■ 00. Com- 
bining this with f|43l) . condition fl28|) follows, for every compact subset 
QCM 2 . 

Therefore, applying Proposition [JJH there exists an r - vortex wq = 
(A ,uo) G Wo(M 2 ) and, passing to some subsequence, there exist gauge 
transformations g„ G W 2,P (M. 2 , G), with the following property. For 
every compact subset Q C ]R 2 , g*A v converges to A in C° on Q, and 
g~ l u v converges to u in C 1 on Q. 
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We prove the first inequality in (139ft : By Lemma [221 we have 

(44) = e Rv ~ -> e r ° 

in C°(Q) for every compact subset Q C R 2 . Since e~^(0) = c~ 2 e R ^(( u ) > 
1/2, it follows that e^° o (0) > 1/2. This implies that E r °(w ) > 0. This 
proves the first inequality in fl39l) . 

We prove the second inequality in ( \39\l : Let e > be so small 
that B E (z ) C tt, and 5 > 0. It follows from (|44]) that £T (w ) < 
sup„ E R "{wy). By hypothesis this supremum is finite. Hence there ex- 
ists R > such that £ r °(w , M 2 \ B R ) < 5. Since E R "(w u , B-i R {Q) = 

E R "(w u , B R ), the convergence (jUj) implies that 

(45) lim £*-(«;„, B- lfl (C„)) = £T°K, B R ) > E r "(w ) - 5. 

On the other hand, since c v — > oo and („ — > Zo, for z/ large enough the 
ball B c -i R (( u ) is contained in .B e (z ). Combining this with (|45|) . we 
obtain 

hmsupE^iw^B^zo)) > E r °(w ) - 5. 

Since this holds for every 5 > 0, the second inequality in f )39|) (for the 
original sequence) follows. 

It remains to prove the first inequality in (I38j) . i.e., that ro > 0. 
Assume by contradiction that ro = 0. For a map u G C°°(IR 2 , M) we 
denote by 

' ' |2 



£(«) := \ f \duf 



its (Dirichlet-)energy. (Here the norm is taken with respect to the 
metric u(-, J-) on M.) By the second R- vortex equation with R := we 
have Fa = 0. Therefore, by Proposition |4"41 there exists h G C°°(IR 2 , G) 
such that h*A = 0. By the first vortex equation the map u' := h~ l Uo : 
R 2 = C M is J-holomorphic. Let e > be such that B £ (z ) C Q. 
Using the second inequality in fl39l) . we have 

E(u' Q ) = E°(w ) < limsup E R »(w v ,B £ (z )). 

v—>oo 

Combining this with the hypothesis swp u E Rl, (w u ,Q) < oo, it follows 
that E(u' Q ) < oo. Hence by removal of singularities (see e.g. [MS, 
Theorem 4.1.2]), it follows that u' extends to a smooth J-holomorphic 
map v : S 2 — > M. By the first inequality in (J3HD we have /, 



S 2 



E(v) = E°(w ) > 0. This contradicts asphericity of (M,u). Hence r 
must be positive. This concludes the proof of Claim [TJ □ 
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Statement (Ej) of Proposition [20] follows from Claim [TJ considering a 
sequence z v G Q, such that f v {z v ) = \\f v \\c°(Q), an d using (|38|) . 

We prove statement (JTTJ) . Assume that there exists a compact sub- 
set Q C such that sup v | | |c°(Q) — °°- Let 2, G Q be such that 
fu(zu) — > 00. We choose a pair (ro,Wo) as i n Claim [TJ Using the 
first inequality in (139]) and Remark [23] (in the case ro = 00), we have 
E r °(wo) > E min . Combining this with the second inequality in (139]) . 
inequality (I3TJ]) follows. This proves ([II]) and concludes the proof of 
Proposition [20] □ 

We are now ready for the proof of Proposition [TBI 

Proof of Proposition [01 We abbreviate e w : = e^ v . 

Claim 1. For every £ G NU{0} there exists a finite subset Zi C M 2 stzc/i 
t/iat the following holds. If Ro < 00 i/ien we /tare = 0. Furthermore, 
if \Zp\ < £ then we have 

(46) sup{||e l/ || c o ( Q) I Q C B r \ < 00, 

for every compact subset Q CM 2 \Z/. Moreover, for every z G and 
every £ > the inequality (3b]) holds. 

Proof of ClaimUl For i = the assertion holds with Zq := 0. We prove 
by induction that it holds for every £ > 1. Fix £ > 1. By induction 
hypothesis there exists a finite subset C M 2 such that the assertion 
with £ replaced by £ — 1 holds. If (|46j) is satisfied for every compact 
subset Q C R 2 \ then the statement for £ holds with Z e := Z^. 

Hence assume that there exists a compact subset Q C IR 2 \ Z^_x, 
such that (TTBl) does not hold. It follows from the induction hypothesis 
that 

(47) \Z e _ l \>£-l. 

Applying Proposition (20] by statement ([n]) of that proposition there 
exists a point zo £ Q such that inequality (136]) holds, for every e > 0. 
We set := Z t _ x U {^ }. 

It follows from the fact that (146]) does not hold and condition @ of 
Proposition [20] that Rq = lim^oo R v = 00. Furthermore, since zq G 
Q C ]R 2 \Z£_!, (T47j) implies that |Z^| > £. It follows that the statement 
of Claim [JJ for £ is satisfied. By induction, Claim [TJ follows. □ 

We fix an integer £ > sup^ E Rv {w V) B Tv )/ E min and a finite subset Z : = 
Zi C M 2 that satisfies the conditions of Claim [TJ It follows from the 
inequality (I3"6l) that £ > |Z|. Hence by the statement of Claim [TJ 
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the hypothesis (125!) of Proposition [19] is satisfied with VL U := B Tv \ Z. 
Applying that result and passing to some subsequence, there exist an 
Rq- vortex w G Wo(IR 2 \ Z) and gauge transformations g v G W^'^IR 2 \ 
Z,G), such that the statements ( fTjlTTh of Proposition [18] are satisfied. 
(Here we use that Z = if Rq < oo.) 

We prove statement ( lull) . Passing to some "diagonal" subsequence, 
the limit lim^oo E R "{w U) Byi(z)) exists, for every i 6 N and z G Z. 
Let now z G Z and e > 0. We choose i G N bigger than e -1 . For 
< r < R we denote 

A(z,r,i2) :=B R (z)\B r (z). 

By Lemma [221 the limit lim^oo E Rv (w u , A(z, e)) exists and equals 
E Ro (w ,A(z, l/i,e)). It follows that the limit ^(e) := lim,,-** E R »{w y , B e (z)) 
exists. Inequality ( |36l) implies that J5 z (e) > E min . Since E Ro (wo, A(z, l/i, e)) 
depends continuously on e, the same holds for E z (e). This proves state- 
ment f[m|) and completes the proof of Proposition [TH] □ 

Remark. In the above proof the set of bubbling points Z is con- 
structed by "terminating induction" . Intuitively, this is induction over 
the number of bubbling points. The "auxiliary index" i in Claim [1] 
is needed to make this idea precise. Inequality (|36|) ensures that the 
"induction stops". 

4. Soft rescaling 

The next proposition will be used inductively in the proof of the main 
result to find the next bubble in the bubbling tree, at a bubbling point 
of a given sequence of rescaled vortices. It is an adaption of [MS, 
Proposition 4.7.1.] to vortices. 

Proposition 24 (Soft rescaling). Assume that (M,u) is aspherical. 

Let r > 0, z G M. 2 , R v > a sequence that converges to oo, p > 2, 

- — p 

and for every v G N let w u := (A u ,u u ) G Wo (B r {zo)) be an R u -vortex, 
such that the following conditions are satisfied. 

(a) There exists a compact subset K C M such that u v (B r (zo)) C K 
for every v. 

(b) For every < e < r the limit E{e) := lim^oo E Ru (w v , B £ (z )) 
exists and E min < E(e) < oo. Furthermore, the function 

(48) (0,r] 3 e \-> E{e) G R 

is continuous. 
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Then there exist Rq G {1, oo} ; a finite subset Z C IR 2 , and an Ro-vortex 
wo := (A ,uq) G Wo(IR 2 \ Z), and passing to some subsequence, there 
exist sequences e v > 0, z v G M 2 , and g u G W^(M. 2 \Z,G), such that, 
defining 

<p u : R 2 -> M 2 , y>„(2) := + ^, 
i/ie following conditions hold. 

(i) IfR = 1 then Z = and E{w ) > 0. 7/i? = oo andE°°(w ) = 
i/ien |Z| > 2. 

(^wj The sequence z v converges to zq. Furthermore, if Rq = 1 then 
e v = R' 1 for every v , and if Rq = oo then e u converges to and 
e v R v converges to oo. 

(Hi) If Rq = 1 then the sequence g*iplw u converges to w in C°° on 
every compact subset ofM 2 \ Z . Furthermore, if Rq = oo then on 
every compact subset ofM. 2 \ Z , the sequence glip* v A v converges to 
Aq in C° , and the sequence g^ l {u u o ip u ) converges to uq in C 1 . 

(iv) Fix z G Z and a number Eq > such that B £o (z) R Z = {z}. Then 
for every < e < Eq the limit 

E z (e) := lim E £ " R » (<plw„, B E {z)) 

v— >oo 

exists and E min < E z (e) < oo. Furthermore, the function (0, £o) 3 
e i—)- E z {e) G M is continuous. 

(v) We have 




Remarks. In the proof of Theorem [H condition (JI|) will guarantee that 
the new bubble is stable. Condition (jiv|) will be used to prove that the 
construction of the bubbling tree terminates after finitely many steps. 
Finally, condition (jvj) will ensure that no energy is lost between the old 
and new bubble. 

Note that in condition (Jul]) the pullback ^*w„ is defined over the set 
<p?{B r (zo)). □ 

The proof of Proposition [2H is given on page [39j It is based on the 
following result, which states that the energy of a vortex on an annulus 
is concentrated near the ends, provided that it is small enough. For 
< r, R < oo we denote the open annulus around with radii r, R by 



A(r,R) :=B R \B r . 
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Note that A(r, oo) = R 2 \ B r , and A(r, R) = in the case r > R. We 
define 

d : [J M x M -> [0, oo] 

M 

to be the distance function induced by the Riemannian metric u(-, J-). 
(If M is disconnected then d attains the value oo.) We define 

(50) d: I \M/G x M/G [0,oo], d(x,y) : = mm_d(x,y). 

— x£x,y£y 
M 

By Lemma 1501 below this is a distance function on M/G which induces 
the quotient topology. 

Proposition 25 (Energy concentration near ends). There exists a con- 
stant ro > such that for every compact subset K C M and every e > 

there exists a constant Eq, such that the following holds. Assume that 

- — - p 

ro < r, R < oo, p > 2, and w := (w, A) G Wo (A(r,R)) is a vortex 
(with respect to (uo,i)), such that 

u(A(r,R)) C K, 

(51) E(w) = E(w, A(r, R)) < E . 

Then we have 

(52) E(w, A{ar, a^R)) < 4a~ 2+£ E(w), Va > 2, 

(53) sup ZtZ , eA{arta - 1R) d(Gu(z),Gu(z')) < 100a- 1+£ \/E{w) \ Va > 4. 
(Here Gx £ M/G denotes the orbit of a point x £ M .) 

Note that in the case a > y 1 Rjr we have A(ar, a _1 i?) = 0, and hence 
the statement of the proposition is void. The proof of this is modelled 
on the proof of jZi2[ Theorem 1.3], which in turn is based on the proof 
of |GS| Proposition 11.1]. It is based on an isoperimetric inequality for 
the invariant symplectic action functional (Theorem [39] in Appendix 
IB"]) . It also relies on an identity relating the energy of a vortex over 
a compact cylinder with the actions of its end-loops (Proposition |4T)1 
below). The proof of (1531) also uses the following remark. 

Remark 26. Let (M, (•, •) m) be a Riemannian manifold, G a compact 
Lie group that acts on M by isometries, P a principal G-bundle over 
[0, 1], A £ A(P) a connection, and u £ Cq(P, M) a map. We define 



£(A,u) : = 
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where the norm is taken with respect to the standard metric on [0, 1] 
and (•, •) m- Furthermore, we define u : [0, 1] —> M/G by u(t) := Gu(p), 
where p G P is any point over t. We denote by d the distance function 
induced by (•, •) m, and define d as in (!50|) . Then for every pair of points 

Xo,x\ G M/G, we have 

d(xo,xi) < inf {£(A, u) | (P,A,u) as above: u(i) =Xi,i = 0, l}. 
This follows from a straight-forward argument. □ 
Proof of Proposition For every subset X C M we define 

m x :=inf {\L X £\ \x el, £ Gfl : |f| = l}, 
where the norms are with respect to u(-, J-) and (■, -) fl . We set 

(54) r :=m-i 1(0) . 

Let K C M be a compact subset and £ > 0. Replacing be GK, we 
may assume w.l.o.g. that K is G-invariant. An elementary argument 
using our standing hypothesis (H) shows that there exists a number 
So > such that G acts freely on K 1 := // -1 (S < j ), and 

(55) m ff > a/1 - e/2m M -i( ). 

We choose a constant 5 as in Theorem [591 corresponding to (•, -)m : = 
cj(-, J-),K',c := Shrinking 5 we may assume that it satisfies the 
condition of Proposition HQ] (Energy action identity) for K' . We choose 
a constant E > as in Lemma [281 below (called E Q there), correspond- 
ing to K. We define 

(56) E := min \e , —r%£, 

K 1 I 32 128tt/ 

Assume that r, R, p, w are as in the hypothesis. Without loss of gener- 
ality, we may assume that r < R. 

Consider first the case R < oo, and assume that w extends to a 
smooth vortex on the compact annulus of radii r and R. We show that 
inequality ( 1521) holds. We define the function 

(57) £:[0,oo), E(s) := E(w, A(re s } Re- 3 )) . 
Claim 1. For every s G [log 2, log(i?/r)/2) we have 

(58) * E {8)<-{2-e)E{8). 
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Proof of Claim [IJ Using the fact r > ro and ( 15T1I561) , it follows from 
Lemma [28] below (with "r":= \z\/2) that 

(59) e w (z) <min{5 2 ,^^}, Vz £ A(2r, R/2). 
We define 

S s := (s + logr, -s + \ogR) x S 1 , Vs £ R, 

ip : S ->■ R 2 = C, := e z , w := (A, u) := ip*w. 

(Here we identify So = C/ ~, where z ~ z+27rin, for every n £ Z.) Let 
so £ [log(2r), log(i?/2)l . Combining ( 159]) with the fact \fi o u\ < ^J~t^ 
and Remark 1261 it follows that 

(60) u(s ,t) eK' = n~ l (B So ), Vt £ S\ £{Gu(s , •)) < 5. 

Hence the hypotheses of Theorem [39] are satisfied with K replaced by 
K' and c := 1/(2 — e). By the statement of that result the loop «(so> •) 
is admissible, and defining l so : S 1 — > S by t so (t) := (s ,t), we have 

1 „ 1 ~ i|2 

(61) |^K W )I ^ ^37llC rf I M ll2 + ^-r;lk « ^.oils- 
Here A denotes the invariant symplectic action, as defined in appendix 
IB] Furthermore, the L 2 -norms are with respect to the standard metric 
on S 1 = R/(27rZ), the metric u(-,J-) on M, and the operator norm 
| • | p : jf-> R, induced by (•, -) . 

By (I54II55I) and the fact 2r < e s °, we have 

(62) J—\ L * so dju\l+ < _L e 2s °e w (e s ° +i -), on S 1 . 

Here the norm | • | is with respect to the standard metric on S 1 = 
R/(27rZ), and we used the fact \<f\ op < M f° r V 9 e 0*; where | • | 
denotes the norm induced by (-, -) fl . We fix s £ [log2, log(i?/r)/2J. 
Recalling (jSTj) . we have E'(s) = J s e 2s °e w (e S0+tt )dt ds - Combining 
this with (1511521) . it follows that 

(63) - A(L*_ s+logR w) + A(L* s+logr w) < ~2~' d ~ E ( s )- 

Using ( I5U1) . the hypotheses of Proposition EE01 are satisfied with K re- 
placed by K' . Applying that result, we have E{s) = —A(i*_ s+logR w) + 
A(l* + i w) . Combining this with (16"3"|) . inequality (155]) follows. This 
proves Claim [T] □ 
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Figure 4. The paths 7 and 7' described in the text. 

By Claim [1] the derivative of the function [log 2, log(i?/r)/2J 3 s h> 
E[s)e^ 2 ~ e ^ s is non-positive, and hence this function is non-increasing. 
Inequality (152!) follows. 

We prove ( 1551) . Let z G A(4r, Vrft)- Using (JSTJ and the fact 
^0 < it follows from Lemma [28] (with "r":= \z\/2) that 

32 

(64) e w (z) < ^E(w, B W2 (z)). 

We define a := |z|/(2r). Then a > 2 and B\ z \/ 2 (z) is contained in 
A(ar,a~ l R). Therefore, by fl52l) we have 

E(w,5 k | /2 (z)) < 16r 2 - £ |z|- 2+£ EH. 

Combining this with flM|) . the fact |c?^u|(2;) < ^2e w (z), and the first 

vortex equation, it follows that 

(65) 

\d A u{z)v I < L7r 1 - £/2 |^|- 2+£/ VS(w)|t»|, G A(4r, Vr#), v G M 2 . 

where C := 2 9//2 7r~ 1 / 2 . A similar argument shows that 

(66) \d A u(z)v\ < CR- 1+£/2 \z\- e/2 y/E(w)\v\, \/z G A(VrR, R/A). 

Let now a > 4 and G A(ar, a~ l R). Assume that e < 1. (This is 
no real restriction.) We define 7 : [0, 1] — > M 2 to be the radial path of 
constant speed, such that 7(0) = z and (7(1) | = \z'\. Furthermore, we 
choose an angular path 7' : [0, 1] — > 1R 2 of constant speed, such that 
7'(0) = 7(1), 7'(1) = z' , and 7' has minimal length among such paths. 
(See Figure H) 
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Consider the "twisted length" of 7* (A, it), given by f Q \d,Awy(t)\dt. 
It follows from ( )65|66l) and the fact e < 1, that this length is bounded 
above by AC \J E(w)a~ 1+£ l 2 . Similarly, it follows that the "twisted 



length" of j'*(A, u) is bounded above by Cn^J E{w)a~ l+£ / 2 . Therefore, 
using Remark [26l inequality f )53|) with e replaced by e/2 follows. 

Assume now that w is not smooth. By Theorem [32] below the re- 
striction of w to any compact cylinder contained in A(r, R) is gauge 
equivalent to a smooth vortex. Hence the inequalities f )52|53|) follow 
from what we just proved, using the G-invariance of K. 

Similarly, the case R = 00 can be reduced to the case R < 00. This 
completes the proof of Proposition [23 □ 



Proof of Proposition By hypothesis (jbj) the function E as in 
is well-defined. Since it is increasing and bounded below by E min , the 
limit 

(67) m :=limE(e) 

£->0 

exists and is bounded below by E min . We fix a compact subset K C M 
as in hypothesis (jg|. We choose a constant E > as in Lemma [28| 
depending on K. We may assume w.l.o.g. that z = 0. 

Claim 1. We may assume w.l.o.g. that 

(68) l|eSllco ( 5 r ) = e£;(0). 

Proof of Claim [IJ Suppose that we have already proved the proposition 
under this additional assumption, and let r, z = 0,R u ,w u be as in the 
hypotheses of the proposition. We choose 0<r<r/4so small that 

(69) E(Ar) = lim E Rv (w v , B 49 ) < m + E . 

v—too 

For v e N we choose z v G B 2 r such that 

(70) e%(z v ) = \\e^\\co { B 2 ,y 
Claim 2. The sequence z v converges to 0. 

Proof of Claim\^ Recall that A(r, R) denotes the open annulus of radii 
r and R. Let < e < 2r. Inequality f[6T?|) implies that there exists 
v{e) G N such that 

^"(^,A(e/2,4f)) <E , 



40 FABIAN ZILTENER (KOREA INSTITUTE FOR ADVANCED STUDY) 

for every v > v{s). Hence it follows from Lemma [28] (Bound on energy 
density, using e < 2r) that 

(71) e ^)<^|, Vv>v(e),VzeA(e,2r). 

7TE Z 



We define 5 := min { 2r , e a/ m / (64£ , ) } • Increasing u(e), we may 
assume that for every v > f(e), we have E Ru (w v , Bg ) > m /2, and 
therefore 

H r h , _ 32^o 

Combining this with (170|7ip and the fact 5 < 2r, it follows that z v G B £ , 
for every v > v(e). This proves Claim [2j □ 

By Claim [2] we may pass to some subsequence such that \z„\ < r for 
every v. We define 

ip u :Br-^- M 2 , ipu{z) ■= z + z v , w v := (A, u) := ip* v w u . 

Then ( |68j) with w Vl r replaced by t? y ,r is satisfied. By elementary ar- 
guments the hypotheses of Proposition EH are satisfied with (w v ,r, z ) 
replaced by (w u ,r, 0). Assuming that we have already proved the 
statement of the proposition for w u , a straight-forward argument using 
Claim [2] shows that it also holds for w u . This proves Claim [TJ □ 

So we assume w.l.o.g. that ( 1681) holds. 

Construction of Rq, Z, and il>o: Recall that we have chosen E$ > 
as in Lemma [2SJ We choose a constants r and E% as in Proposition 
1251 the latter (called Eq there) corresponding to the compact set K 
and e := 1. We fix a constant 

(72) < 5 < min{m , E /2, EJ2}. 
We pass to some subsequence such that 

(73) E Rv (w v ,B r (z ))>m -6, W G N. 
For every u G N, there exists < e v < r, such that 

(74) E R "(w v ,B?„) = m -5. 
It follows from the definition of mo that 

(75) e u 0. 
Claim 3. VFe /iave 

(76) Me v R v >Q. 

V 
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Proof of Claim Equality ( |68|) implies that 

(77) E*(w v ,Be v )<irfy%(p). 

The hypotheses R u —> oo, (jsj), and (jb]) imply that the hypotheses of 
Proposition [201 (Quantization of energy loss) are satisfied with Q := B r . 
Thus by assertion ® of that proposition with Q : = {0}, we have 

inf > 0. 

" e^(0) 

Combining this with (I77II74P and the fact 5 < m , inequality (!76|) fol- 
lows. This proves Claim [3j □ 

Passing to some subsequence, we may assume that the limit 

(78) -R := hm e v R v G [0, oo] 

v— >oo 

exists. By Claim [3] we have Rq > 0. We define 

(7Q\ (J3 e \ ._ / (00,£ v ), if ^0 = OO, 

[U) {Ko ' £u} -~ \ (l,^ 1 ), otherwise, 

R v :—e v R v , (p v : B £ -i r B r , (p v (z) ;= e u z, w u := (A u ,u v ) := (plw v . 

By Proposition [TBI with R u , w u replaced by R u , w v and r„ := r/e v there 
exist a finite subset and an i? - vor tex w = (A , u ) G Wo(M 2 \ 

Z), and passing to some subsequence, there exist gauge transformations 
g v G W^(M. 2 \Z,G), such that the conditions of that proposition are 
satisfied. 

We check the conditions of Proposition 1241 with z v := zq := 0: 
Condition HKJH]) holds by (175|I78|I79I) . Condition HKJm]) follows from 
HSljlHIjl . and condition HlKJiv]) follows from []JDJm]) . 

We prove condition I24(lvj) : We define 

ip v : B~i r -> B r , ip v (z) := e u z, w u := i>* v w v . 

We choose < e < r so small that lim^oo E Ru {w Ul B £ ) < m + E\/2. 
Furthermore, we choose an integer v so large that for v > u , we have 
E R »(w u ,B £ ) < m + E l /2. We fix v > u . Using (1731721) . it follows 
that E[w v , A('e u R u ,eR u )) < E\. It follows that the requirements of 
Proposition [231 are satisfied with r, R, w u replaced by max{r , e^-Rj,}, 
sR„, w u . Therefore, we may apply that result (with "e" equal to 1), 
obtaining 

E Ru ^w u ,A(amax{R~ 1 r ,e u },a' 1 £)^ < 4a~ 1 E 1 , Ma > 2. 
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Using ( 1791) and the fact z v = Zo = 0, the inequality ( 1491) follows. This 
proves EHjvj) . 

To see that condition I24K II1) holds, assume first that Rq = 1. Then 
Z = by statement @ of Proposition [181 Condition [TBIpl and Lemma 
[221 imply that E(wo, B 2 ^ o ) = lim^oo E(w u , B 2 ^ q ). It follows from con- 
vergence e u R v — >■ i?o < oo and (I74II72I) that this limit is positive. This 
proves condition [24101) in the case Rq = 1. 

Assume now that i?o — 00 an d E°°{wq) = 0. Then condition 
[24101) is a consequence of the following two claims. 

Claim 4. TTie set Z is not contained in the open ball B\. 

Proof of Claim [^} By l247lvl) there exists R > so that 

(80) lim sup E Rv (w v , A(Re ul iT 1 )) < 5. 

(Here we used that z = z u = 0.) Since Ro = oo, we have e v = e v . 
Hence it follows from (jT4"|) and the definition (1671) of mo, that 

lim E R »(w v ,A(e v ,R- 1 )) > 5. 

Combining this with (|80|) . it follows that 

(81) liminf E Rv {w v , A{e v ,e v R)) > 0. 

v— >oo 

Suppose by contradiction that Z C 5i. Then by [T8l0i|) . the connection 
converges to A in C° on -R) := S B \ £>!, and the map g~ x u v 
converges to uq in C 1 on A(1,R). Hence Lemma 1221 implies that 

E°°(wq,A(1,R)) = lim E n "(w v ,A{l,R)). 

Combining this with ( I8ip . we arrive at a contradiction to our assump- 
tion E°°{w§) = 0. This proves Claim [H □ 

Claim 5. The set Z contains 0. 

Proof of Claim By Claim [4] the set Z\B\ is nonempty. We choose 
a point z 6 Z \B\ and a number Eq > so small that B eo (z) C\ Z = 
{z}. We fix < e < eq. Since e v — » (as z/ — > oo), (!68|) implies 

that e~^(0) = ||e~^|| c o(5 e ( 2 )), for i/ large enough. Combining this with 

condition I24riiv|) . it follows that lim inf e ~" (0) > E min /{tce 2 ). Since 
e G (0, £o) is arbitrary, it follows that 

(82) e~"(0) ->• oo, as v ->■ oo. 
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If did not belong to Z, then by fTBTjul) and Lemma [221 we would have 

e ^(0) e w (0)> a contradiction to ([82]). This proves Claim |5l and 
completes the proof of I2~4TJ I1) and therefore of Proposition [2U □ 

Remark 27. Assume that Rq, Z,wq are constructed as in the proof of 
condition @ of Proposition [2U and that R = oo and E^^wq) = 0. 
Then Z C B\ (and hence Z fl 5 1 7^ by Claim H]). This follows from 
the inequalities 

lim E*»(w u ,A(l,R)) <5<E min , VR > 1. 
Here the first inequality is a consequence of condition fl74l) . □ 

5. Proof of Theorem [JJ (Bubbling) 

Based on the results of the previous sections, we are now ready to prove 
the main result of this article. The proof is an adaption of the proof 
of [MSI Theorem 5.3.1] to the present setting. The strategy is the 
following: Consider first the case k = 0, i.e., the only marked point is 
Zq = 00. We rescale the sequence W v so rapidly that all the energy is 
concentrated at the origin in IR 2 . Then we "zoom back in" in a soft 
way, to capture the bubbles (spheres in M and vortices on R 2 ) in an 
inductive way. (See Claim [T] below.) 

Next we show that at each stage of this construction, the total energy 
of the components of the tree plus the energy loss at the unresolved 
bubbling points equals the limit of the energies E{W V ). (See Claim 
[21) Furthermore, we prove that the number of vertices of the tree is 
uniformly bounded above. (See inequality fl92l) .) This implies that the 
inductive construction terminates at some point. 

We also show that the components of the tree have the required 
properties. (See Claim HI) Finally, we prove that the data fits together 
to a stable map, which is the limit of a subsequence of W v . (See Claim 

El) 

For k > 1 we then prove the statement of the theorem inductively, 
using the statement for k = 0. At each induction step we need to 
handle one additional marked point in the sequence of vortices and 
marked points. In the limit there are three possibilities for the location 
of this point: (I) It may lie on a vertex where it does not coincide with 
any special point. (II) It may coincide with the marked point Zi (lying 
on the ctj-th vertex), for some i. (Ill) It may lie between two already 
constructed bubbles. 



44 FABIAN ZILTENER (KOREA INSTITUTE FOR ADVANCED STUDY) 



In case (I) we can just include the new marked point into the bubble 
tree. In case (II) we introduce a "ghost bubble", which carries the 
two marked points and is connected to «j. In case (III) we introduce a 
"ghost bubble" between the two bubbles, which carries the new marked 
point. 

Proof of Theorem^ We consider first the case k = 0. Let W v be a 
sequence of vortices as in the hypothesis. For each v G N we choose 
a representative w u := (P u , A v , u v ) of W u , such that P v = R 2 x G. 
Passing to some subsequence we may assume that E(w v ) converges to 
some constant E. The hypothesis E(W U ) > (for every v) implies that 
E > E min . We choose a sequence R v > 1 such that 

(83) E{W Vl B Rv )^E. 
We define 

R% := vR v , Lp v : R 2 ->■ R 2 , < := ip* v w v , 
3l :=0, Zl :=0, Z :={0}, % := 0. 

The next claim provides an inductive construction of the bubble tree. 
(Some explanations are given below. See also Figure El) 

Claim 1. For every number I £ N ; passing to some subsequence, there 
exist an integer N := N(i) e N and tuples 

{Ri, Zi, Wi)ie{i,...,Af}, (Ri, 2f)ie{i,...,Ar},i/eN) \3i-> z i)i&{2,...,N}-> 

where Ri G {1, oo} ; C R 2 is a finite subset, Wi = (A*, ui) G Wo(lR 2 \ 
Z^ is an R r vortex, R\ > 0, z\ G R 2 , j { G {1, . . . , % - 1} ; and Zi G R 2 , 
such that the following conditions hold. 

(i) For every i = 2,...,N we have Zi G Zj v Moreover, if G 

{2, . . . , iV} are such that i ^ %' and ji = ji> then Zi ^ zy . 
(ii) Let i = 1,...,N. If Ri = 1 then Zi = and E{ Wi ) > 0. If 

Ri = oo and E°°(wi) = then \Zi\ > 2. 
(Hi) Fix i = 1, . . . , N. If Ri = 1 then R\ — 1 for every v, and if 
Ri = oo then R" — > oo. Furthermore, 

TDU ~V 7 V 

(84) -+ 0, -i— - ^ ^ ^. 

-K,- IX A. 

In the following we set <p\{z) := R^z + z\, for i = 0, . . . , N and 
v G N. 



A QUANTUM KIRWAN MAP, II: BUBBLING 



45 




Figure 5. This is a "partial stable map" as in Claim [TJ 
It is a possible step in the construction of the stable map 
of Figure [TJ The crosses are bubbling points that have 
not yet been resolved. When adding marked points the 
components 4 and 5 will be separated by a ghost bubble 
which carries one marked point. 

(iv) For every i = 1,...,N there exist gauge transformations g\ G 
W^(M. 2 \ Zi,G) such that the following holds. If Ri — 1 then 
(g^Y{ l Pi)* w i' converges to Wi in C°° on every compact subset of 
R 2 . Furthermore, if R i = oo then on every compact subset of 
M? \ Zi the sequence (g"Y (^PiY A u converges to Ai in C° , and the 
sequence (g\Y{ i P'i Y u v converges to Ui in C 1 . 

(v) Let % — 1, . . . , N, z G Zi and Eq > be such that B £o (z)nZi = {z}. 
Then for every < e < eq the limit 

E z (e) := lim E R i ((tf)*w v , B e {z)) 

v — ^oo 

exists, andE min < E z (e) < oo. Furthermore, the function (0,£o) 3 
e i — y E z (e) G [E min , oo) is continuous. 

(vi) For every i = 1, . . . , N , we have 




(vii) If I > N then for every j = 1, . . . , N we have 
(85) Z, {:, /< .V../, ./}, 



46 FABIAN ZILTENER (KOREA INSTITUTE FOR ADVANCED STUDY) 



To understand this claim, note that the collection (ji)ie{2,...,N} de- 
scribes a tree with vertices the numbers 1, . . . , N and unordered edges 
(iijO}- Attached to the vertices of this tree are vortices and 

00- vortices. (The latter will give rise to holomorphic spheres in M.) 
Each pair (R^,z^) defines a rescaling (p", which is used to obtain the 

1- th limit vortex or oo- vortex. (See condition (Irvl).) 

The point Z{ is the nodal point on the ji-th vertex, at which the i-th 
vertex is attached. The corresponding nodal point on the i-th vertex is 
oo. The set Zi consists of the nodal points except oo (if % > 2) on the 
z-th vertex together with the bubbling points that have not yet been 
resolved. 

Condition ([!]) implies that the nodal points at a given vertex are 
distinct. Condition ([11]) guarantees that once all bubbling points have 
been resolved, the i-th component will be stable. (Note that in the 
case i > 2 there is another nodal point at oo, and for i = 1 there will 
be a marked point at oo, which comes from sequence Zq.) 

Condition flm|) implies that the rescalings tp" "zoom out" less than 
the rescalings (fj.. A consequence of condition (jv]) is that at every nodal 
or unresolved bubbling point at least the energy E min concentrates in 
the limit. Condition (jvi]) means that no energy is lost between each 
pair of adjacent bubbles. Finally, condition (Iviil) means that in the case 
i > N all bubbling points have been resolved. 

Proof of ClaimUl We show that the statement holds for £ := 1. We 
check the conditions of Proposition [2H (Soft rescaling) with zq := 0, 
r := 1 and R u , w u replaced by Rq, Wq. Condition l2ffila| follows from 
Proposition [35] below, using the hypothesis that M is equivariantly 
convex at oo. Condition l2"ffibl follows from the facts 

lim E R » «, B e ) = E, V £ > 0, E > E min . 

v — yco 

The first condition is a consequence of the facts Rq = vR V) E{w v ) — > E, 
and (1531. 

Thus by Proposition [2U there exist i? £ {1>°°}j a finite subset 
Z C M 2 , and an i? - vortex u> £ Wo (M 2 \ Zi), and passing to some 
subsequence, there exist sequences e u > 0, z u , and g u , such that the 
conclusions of Proposition [2H with R u , w u replaced by Rq, Wq hold. We 
define N := N(l) := 1, R x := Rq, Z x := Z, w x := w , R\ := e v R%, and 

7 v — n u 7 
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We check conditions (jijl- Qviil) of Claim [TJ with £ = 1: Conditions 
( lifviip are void. Furthermore, conditions fln])-( 1vi|) follow from l24T1 ij)-(lv|. 
This proves the statement of the Claim for £ = 1. 

Let £ G N and assume, by induction, that we have already proved 
the statement of Claim [1] for £. We show that it holds for £+1. By as- 
sumption there exists a number N := N(£) and there exist collections 
(Ri,Zi,Wi) i( z{ h ... jN }, (#i,2i')ie{i,„.,jV}, I /eN, (ji, Zi)ie{2,...,N}, such that con- 
ditions (IT]) - ( fvIT]) hold. If for every j — 1, . . . , N we have Zj = {zi\j < 
i < N, ji = j} then conditions ©-(jyn]) hold with N(£ +1) := N, and 
we are done. Hence assume that there exists a j G {1, . . . , N} such 
that 

(86) Z jo ^{z i \j <i<N,j i = jo}. 
We set N(£ + 1) := N + 1 and choose an element 

(87) z N+1 G Z jo \ {zi\j < i < N, ji = jo}- 

We fix a number r > so small that B r (zj^+i )nZj = {zn+i}- We apply 
Proposition 1241 with zo : = z^+i and i?^, w u replaced by Rj , (ip" )*w v . 
Condition ElT(a| holds by hypothesis. Furthermore, by condition (jvj) 
for £, condition l24llb"l) is satisfied. Hence passing to some subsequence, 
there exist R G {l,oo}, a finite subset Z C K 2 , an R -vortex w Q G 

Wo (IR 2 \ Z), and sequences e v > 0, Zj,, such that the conclusion of 
Proposition [241 holds. We define Rn+i '■= Ro, Z^ + i := Z, wn+i '■= wq, 

Rn+1 := £ vRj ' Z N+1 := Rjo Z v + Z jp JN+1 '■= jo- 

We check conditions (lil)-( lvii|) of Claim [TJ with £ replaced by £ + 1, 
i.e., N replaced by N + 1. Condition (JI|) follows from the induction 
hypothesis and f lH7|) . Conditions dH])- (JvTJ) follow from l2l11i| )-(lvj). 

We show that ( Iviip holds with iV replaced by iV+l: By the induction 
hypothesis, it holds for N. Hence ( 186)) implies that N > £, i.e., iV + 1 > 
£ + 1. So there is nothing to check. This completes the induction and 
the proof of Claim [TJ □ 

Let £ G N be an integer and N := N(£), (R i: Z u Wi), (R%, z\), (ji, Zi) 
be as in Claim [TJ Recall that Z$ = {0} and Zq := 0. We fix i = 
0,...,N. We define tf{z) := i?^ 2 + z^, for every measurable subset 
I C R 2 we denote 

£ 4 (X) := E^( Wi ,X), E t := ^(M 2 \Z 4 ), E%(X) := ^((^)*^,X). 
Furthermore, for z 6 ^ we define 

(88) mi (2) := lim lim E^B^z)). 
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For i — it follows from ( 183|) and Rq = vK v that the limit mo(0) exists 
and equals E. For i = 1, . . . , iV it follows from condition (jvj) that the 
limit (IBB]) exists and that m^z) > E min . For j, k = 0, . . . , N we define 

(This is the set of points on the j-th sphere that have not been resolved 
after the construction of the k-th bubble.) We define the function 
/:{l,...,iV}^[0,oo) by 

(89) f{i) :=E i + 



Claim 2. 



A' 



i=l 



Proof of Claim [B We show by induction that 

k 

(go) E m «w) = E > 



i=l z&Z. 



i.k 



for every k — 1, . . . , N. Claim [2] is a consequence of this with k = N. 
For the proof of equality (19"Uj) we need the following. 

Claim 3. For every i = 1, . . . , N we have 

(91) m H ( Zl ) = Ei + ^m^z). 

Proof of Claim\^ Let i = 1, . . . , N. We choose a number e > so 
small that 

B £ (zi) H Z k = {zi}, Zi C B e -i_ e , 

and if z ^ z' are points in Zi then |z — z'\ > 2e. By condition (|yj) of 
Claim [1], for each z & Zi the limit lim^oo E"(B £ (z)) exists. Lemma [221 
implies that 

lim E»(B e -i) = eABc-i \ (j B e (zj) + V lim E%{B e (z)). 

z^iZi z^Zi 

Combining this with condition (jvj} of Claim [H equality f[9Tj) follows 
from a straight-forward argument. This proves Claim [31 □ 

Since Zi ; i = Z\, equality (1901) for A; = 1 follows from Claim [3] and 
the fact mo(0) = E. Let now A; = 1, . . . , N — 1 and assume that we 
have proved (I9UI) for k. An elementary argument using Claim [3] with 
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i := k + 1 shows ( |90l) with k replaced by k + 1. By induction, Claim |2] 
follows. □ 

Consider the tree relation E on T := {1, . . . ,N} defined by iEi' iff 
i = ji> or il = ji. Lemma |4"61 below with this pair (T, E), f as in ( 159~j) . 
:= 1, «i := 1 G T, and i?o : = Emin, implies that 

(92) n<^- + 1. 

(Hypothesis (1 107j) follows from conditions (!u]lv]) of Claim [TJ) Assume 
now that we have chosen i > 2E/ E min +1. By (I92|) we have £ > N, and 
therefore by condition (Iviip of Claim [TJ equality ([85]) holds, for every 
j = 1, . . . , N. We define 

T:={1,...,N}, V :={ieT\R l = l} 1 T:=T\V, 

and the tree relation E on T by 

iEi' 2 = jii or i' = jj. 

Furthermore, for eT such that iE'i' we define the nodal points 

._ / oo, if %' =ji, 
\ Zi>, if i = Ji>. 

Moreover, we define the marked point 

(a ,z ) := (1, oo) GTx S 2 . 

Claim 4. Let i e T. If % e V then E(wi) < oo and Ui(R 2 x G) has 
compact closure. Furthermore, if i G T then the map Gui : M 2 \ Z{ — > 
M = / u _1 (0)/G extends to a smooth J -holomorphic map 

u t : S 2 = M 2 U {oo} -> M. 

Proof. We choose gauge transformations ^ G ^^(IR 2 \ Zi,G) as in 
condition ([iy]) of Claim [H and define w\ := (^)*(^)* u '^- 

Assume that i & V. It follows from Fatou's lemma that E{wi) < 
liminfj^oo E(w") = E < oo. Furthermore, since by hypothesis M is 
equivariantly convex at oo, by Proposition |35j below there exists a G- 
invariant compact subset K Q C M such that u"(R 2 ) C _K" , for every 
z/ G N. Since u\ converges to Ui pointwise, it follows that Ui(M, 2 ) C K . 
Hence Wi has the required properties. 

Assume now that i G T. By Proposition H5j below the map 

Gui :C\Z i ^M = fi- 1 (0)/G 
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is J-holomorphic, and ec Ui — It follows from Fatou's lemma that 
E°°(w u R 2 \ Zi) < liminf ^^^(O = E < oo. Therefore, by 
removal of singularities, it follows that Gui extends to a smooth J- 
holomorphic map U{ : S 2 — >■ M. (See e.g. |MS1 Theorem 4.1.2].) This 
proves Claim HI □ 

Claim 5. The tuple 

(W, z) := (V, T, E, ([wi]) ieV , (ui) ieT , {Zii>)iEi', (a := 1, z : = oo)) 

is a stable map in the sense of Definition^ and the sequence ([w u ], : = 
oo) converges to (W, z) in the sense of Definition [731 (Here [wi\ de- 
notes the gauge equivalence class of Wi.) 

Proof of Claim{5i We check the conditions of Definition HI Condition 
(lij) follows from condition ([!]) of Claim [T] and the fact Zi = 0, for i 6 V. 
(This follows from condition (JD} of Claim [TJ) 

Condition ([n]) follows from an elementary argument using Claim 
[ Uliiillivllvip and Proposition [25j Condition ( Iml) follows from Claim 



(Jn]). Hence all conditions of Definition H] are satisfied. 
We check the conditions of Definition 1131 Condition (1191) fol- 
lows from Claim [21 using condition (Iviil) of Claim [TJ Condition I13K 1I1) 
follows from a straight-forward argument, using Claim [ITliTil) . 

Condition I13l ([iill follows from Claim ITT TiiTT) by an elementary argu- 
ment. Condition I13l ( [iiill follows from Claim flllivl). Finally, condition 
I13KTTvT) is void, since k = 0. This proves Claim [51 □ 

Thus we have proved Theorem [TJ in the case k = 0. 

We prove now by induction that the Theorem holds for 

every k > 1: Let k > No be an integer, (W u , z", . . . , z^._A as in the 
hypotheses of Theorem [lj and assume that there exists a stable map 
(W, z) (as in f[T2l ) and a collection (<p£) of Mobius transformations 
such that (W u , z™ := oo, z", . . . , z v k _^) converges to (W, z) via 

<(oo) = oo, 

(93) lim^oolimsup^E^,^^^^)) =0, 

and for every edge aE/3 such that f3 lies in the chain of vertices from 
a to «o, we have 

(94) lim ]hnmpE(W v ,i^g(B Rr i{z Pa ))\<p v a (B R )) = 0. 

(For k = we proved this above. In this case condition (1931) follows 
from (fyijl of Claim [TJ with i = 1, and the facts E(W U , Br v ) — > E and 
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Rq = vR v . Furthermore, condition ( )94|) follows from condition ( fvTl) of 
Claim [TJ) By hypothesis (Q, passing to some subsequence, we may 
assume that for every i = 1, . . . ,k — 1, the limit 

(95) z ki := lim (4 - z\) Gl 2 U {oo} 

v— >oo 

exists, and ^ 0. We set 

ZkO := oo. 

Passing to a further subsequence, we may assume that the limit 

z ak := lim^^^eS 2 

v— >oo 

exists, for every a £ T. There are three cases. 

Case (I) There exists a vertex a £ T, such that z^ is not a special 
point of (W, z) at a. 

Case (II) There exists an index % £ {0, . . . , k — 1} such that = Zj. 
Case (III) There exists an edge <x£7/3 such that z ak = z a p and z^ = 

z /3a- 

These three cases exclude each other. For the combination of the 
cases (II) and (III) this follows from condition ([!]) (distinctness of the 
special points) of Definition HI 

Claim 6. One of the three cases always applies. 

Proof of Claim® This follows from an elementary argument, using 
that T is finite and does not contain cycles. □ 

Assume that Case (I) holds. We fix a vertex a £ T such that 
z a k is not a special point. (This vertex is unique, but we do not need 
this.) We define a k '■— ct and introduce a new marked point 

-new 

on the afc-sphere. Then (W, z) augmented by z£ cw is again a stable 
map and the sequence (W v , z%, . . . , z^) converges to this new stable 
map via «)«eT- 

Assume that Case (II) holds. We fix an index < i < k — 1 such 
that z a - k = Zi. (It is unique.) The hypothesis ([HD implies that ctj £ T. 
We extend the tree T by introducing an additional vertex 7 which is 
adjacent to ctj. If z ki = 00 (defined as in ( 1951) ) then the new vertex 



52 FABIAN ZILTENER (KOREA INSTITUTE FOR ADVANCED STUDY) 

corresponds to a bubble in M, otherwise it corresponds to a vortex. 
We move the i-th marked point from the vertex on to the vertex 7 and 
introduce an additional marked point on 7. More precisely, we define 

^new _ = ( T[]{7}, if z ki = 00, 
\ T, otherwise, 

«r w :=« fc := 7 , ^T:=oo, := z % 

z ki} if ^fci 7^ 00 



0. 



1, otherwise. 



Assume first that 7 G \/ new . We choose a point Xq in the orbit u ai (zi) C 
/i _1 (0), and define A 7 := G ^(R 2 ,^) and u 7 : 1R 2 -> M to be the 
map which is constantly equal to xq. We identify A 1 with a connection 
on M 2 x G and m 7 with a G-equivariant map l 2 xG-} M, and set 

(96) W-y := [R 2 x G, Ay, uj . 
If 7 G T new then we define w 7 : S* 2 — > M by 

U 7 = U aj . 

Note that the new component 7 is a "ghost", i.e., the map W y (or w 7 ) 
has energy. The tuple (W new , z new ) obtained from (W, z) in this way 
is again a stable map. 

We define the sequence of Mobius transformations tp v : S 2 — > S 2 by 

z + z%, if 7 g ^ new , 

(97) - + <, if 7 e T new , z > 1, 



— r — + ^ W. ifT^T ,i = o, 



where w G S 2 \ {zq = 00} is chosen such that <p£ (u>) 7^ ^fc f° r a ^ z/ - 
Note that the last line makes sense, since <fa ( w ) Va ( z o) — 00 • Here 
we use the convention that l/oo := 0. 

Claim 7. There exists a subsequence of (W u , Zq , . . . , z^) that converges 
to (W new ,z new ) via the Mobius transformations ((Pa)aeT n ™,uei>i- 

Proof of Claim [?| Condition (|T9|) (energy conservation) holds for every 
subsequence, since the new component 7 carries no energy. 

We denote now by i G {0, . . . , k — 1} the unique index such that 

Condition of Definition 1131 holds (for the new collection of 
Mobius transformations), by an elementary argument. (To show the 
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third part of this condition in the case 7 G T ncw , we set := id if 
i > 1, and ip 7 (z) :— 1/z if % — 0.) 

We check condition I13K B11). Let aE new (3 be an edge. Consider 
the case (a, j5) := (0^,7). (It suffices to look at this case, the case 
(a, (3) := (7, ccj) can be treated analogously.) We define 

x '.= z ia . = 00, y := z aa = Zi, x l := z i = 0, 

, J if7ey new , 

Xn . — s „ . n 7=new 



^ ew = 1, if 7 g T 

z Q . )0 , if 7 G ^ new or (7 G T n ° w and i > 1), 
w, if 7 G T , i = 0, 

Then the hypotheses of Lemma |4"S1 below are satisfied, and therefore by 
that lemma ip u aa converges to y = z™™, uniformly with all derivatives 
on every compact subset of S 2 \ {x} = S 2 \ {z^™}. By Remark 1471 
below it follows that = (y^. 7 ) _1 converges to z^™ , uniformly on 
every compact subset of S 2 \ {z^™}- This proves condition [13]Jn]). 

We check condition I13l ( liiij) up to some subsequence. For every 
a G T we write 

W v a := M*W„, < := u W u : R 2 -> M/G, 

where Uyyv is defined as in (jUj). 

Assume that 7 G V ncw . This means that Zf-i 7^ 00. Since by 
definition Zko = 00, it follows that % 7^ 0. It follows from Proposition 
[TBI (Compactness modulo bubbling) with R v : = 1, tv := v and H^, 
replaced by W", that there exists a vortex W 7 on R 2 such that passing 

to some subsequence, the sequence W" converges to W 1 , with respect 
to r K 2 (defined as in (ITS]) ), and the sequence converges to , 
uniformly on every compact subset of R 2 . 

Claim 8. We have Wj = (defined as in (9b])). 

Proof of Claim\E To see this, we use condition [TSIffTiTT) for the sequence 
, Zq, . . . , z^_i) , recalling that a« G T and % 7^ 0. It follows that 
the maps u v a . converge to u ai , in C 1 on every compact subset of S 2 \Z ai , 
and hence on every small enough neighbourhood of Zj. (To make sense 
of this convergence, we implicitely mean that the image of a given 
compact subset of S 2 \ Z a% under uw%. is contained in M*/G, for v 
large enough.) 
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Since v? Qi7 := (y? Q J 1 ° ^7 converges to z an = z%, uniformly on every 
compact subset of S 2 \ {z*™} = M 2 , it follows that 

^7 = u v a . o <f v ail x := u ai (zi), 

uniformly on every compact subset of M 2 . It follows that = Xq. 

We choose representatives (A y ,u 7 ) G tt^M 2 ^) x C°°(R 2 ,G) of W y 
and xq G /U _1 (0) of xo. By hypothesis (H) the action of G on /i _1 (0) is 
free. Hence, after regauging, we may assume that u 1 = xq. (Here we 
use Lemma H3] below, which ensures that the gauge transformation is 
smooth.) It follows from the first vortex equation that Ay = 0. This 
shows that W 1 = W 1 and hence proves Claim El □ 

This proves condition [1311ml) in the case 7 G V new . 

Assume now that 7 G T . Suppose also that i > 1. By 
condition [13](Jm]) for the sequence (W u , z^ , . . . , z v k _ x ), the map u v a . con- 
verges to « Q , , in C 1 on every compact subset of S 2 \ Z ai and hence on 
every small enough neighbourhood of z%. Let Q C M 2 = S 2 \ Zy be a 
compact subset. Since tp v ail converges to z i: in C°° on Q, it follows that 
■u^ = u v a _ o <^ converges to w 7 = tt ai (^) in C 1 on Q, as required. 

Suppose now that i = 0. An elementary argument using condition 
(Imj) (with a := «o) in the definition of convergence, our assumption 
(|93|) . and Proposition [251 shows that for every e > there exist numbers 
R> r and z/ £ N such that 

J(u ao (oo),< o (z)) < e, Vis > v , zER 2 \ B r . 

Since converges to z ao y = z = 00, uniformly on every compact 
subset of M. 2 = S 2 \ {zy ao }, it follows that converges to the constant 
map Uy = m Qo (oo), uniformly on every compact subset of M 2 \ {0} = 
S 2 \ (Z 7 II{-2o cw })- We show that passing to some subsequence the 
convergence is in C l on every compact subset of IR 2 \ {0}. To see this, 
we define R v > 0, <p u G [0, 2tt), (p", w" by 

R u e^ := z% - <», ^(2) := ^(e**/i) = itU + < M, 

^:=(1;,^) := (^)*w v . 

(Recall here that we have chosen w G S 2 \{z = 00} such that tp v ao (w) 7^ 
z v k for all z/.) An elementary argument shows that R v converges to 
Ro := 00. Hence by Proposition [181 with r v :— v and w v replaced by 
the .R^-vortex w v there exist a finite subset Z CM 2 and an oo-vortex 

Wy := (A 7 , u y ), and passing to some subsequence, there exist gauge 
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transformations g u G (R 2 \Z,G), such that the assertions [I8l ( filllm1) 



hold. By [T8lffTTI) on every compact subset of M 2 \Z the sequence (g")*A" 
converges to in C°, and the sequence (g^)" 1 -^ converges to w 7 in 
C 1 . 

Claim 9. We have Z C {0}. 

Proof of Claim It follows from ( 193|) that there exists R > such 
that 

lim sup E (w v , R 2 \ < {Br)) < E min . 

Hence by an elementary argument, we have E Rl/ (w", B e (z)) < E min , for 
every z G IR 2 \ {0}, for v large enough. Combining this with condition 
[18lfliiT|) . the statement of Claim [9] follows. □ 

Using Claim [9j it follows that Gu" converges to Gw 7 in C 1 on every 
compact subset of M 2 \ {0}. We pass to some subsequence, such that 
tp u converges to some number <p G [0,27r]. It follows that u" = Gu" 
converges to the map C \ {0} 3 z (->■ GM 7 (e* w / z) G M, in C l on every 
compact subset of C \ {0}. Since « 7 also converges to w 7 , it follows 
that condition [T3lffiiT|) holds in the case 7 G T new , i — 0. Hence this 
condition is satisfied in all cases. 

Condition flMivl) follows from the definition ( )97l) of y?^. This proves 
Claim El □ 

Assume now that Case (III) holds. In this case we introduce a 
new vertex 7 between a and /3, corresponding to a bubble in M. Hence 
a and /3 are no longer adjacent, but are separated by 7. We define 

T new := T]j{7}, V ncw := V, T new := T]j{7}, 

-new -new „ -new n -new „,new -new i 

z ai ■— z a p, Zp^ .— zp a , z ia .— u, z 1 p .— 00, a k .— 7, z fc .— 1. 

We define m 7 : S 2 — > M to be the constant map equal to ev Za/3 (Wa), 
where ev is defined as in (llO )lip . (In the case a G T we denote W a := 
(The new component is a "ghost", i.e., carries no energy.) The 
tuple (W new ,z new ) obtained from (W,z) in this way is again a stable 
map. For every a G T new we define z^q as in (fl5j) and (fl6|) . with 
2 := and w.r.t. to the new tree T new . By interchanging a and /3 if 
necessary, we may assume w.l.o.g. that f3 is contained in the chain of 
edges from a to «o. It follows that for every a 7^ 7, z^o* = z a,o, where 
^co is defined as in ( Fl5l) and (1161) . with i := and w.r.t. to the old tree 
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T, and z™™ = zTJ = oo. Furthermore, the hypotheses of Lemma 1491 



We choose a sequence ip u as in this lemma (satisfying ip v (oo) = z@$). 
We define 



The sequence (W u , z$ , . . . , z%) converges to (W ncw , z ncw ) along the se- 
quence of collections of Mobius transformations (y^) ae :r ncw ,i/gN- This 
follows from elementary arguments, except for the proof of condition 
fTBUml) . which uses fliMl) and an argument as in Case (II). 

This proves the induction step and hence terminates the proof of 
Theorem [TJ in the general case. □ 

Remark. In the above proof the stable map (W, z) is constructed by 
"terminating induction" . Intuitively, this is induction over the integer 
iV occuring in Claim [TJ The "auxiliary index" i in Claim [TJ is needed to 
make this idea precise. Condition fjvnj) and the inequality fl92|) ensure 
that the "induction stops" . □ 



Let M,u,G, g, (•, -) g , /i, J be as in Section [TJ (As always, we assume 
that hypothesis (H) is satisfied.) The next result is used in the proofs 
of Propositions [2H and [23 For r > and z £ R 2 we denote by B t {zq) 
the open ball in M 2 , and we abbreviate B r := B r (zo). 

Lemma 28 (Bound on energy density). Let K C M be a compact 
subset. Then there exists a constant E > such that the following 
holds. Let z £ r > 0, P be a smooth principal over B t .(zq), p > 2, 
and (A, u) a vortex on P of class W^, such that 




(^)-H^), y:=z, 



,new 

'07 5 



<Pp Vv- 



Appendix A. Vortices 



u{P) C K, 
E{w,B r {z )) < E . 



Then we have 



e w (z ) < — -E(w,B r (z )). 
For the proof of Lemma [28] we need the following lemma. 
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Lemma 29 (Heinz). Let r > and c > 0. Then for every function 
f G C 2 (B r ,M.) satisfying the inequalities 

f>o, a/>- c / 2 , [ 

we have 




Proof of Lemma 12R This is |MS[ Lemma 4.3.2]. □ 

Proof of Lemma Since G is compact, we may assume w.l.o.g. that 
K is G-invariant. The result then follows from Theorem [32] below, 
the calculation in Step 1 of the proof of |GS[ Proposition 11.1.], and 
Lemma El □ 

Lemma [28] has the following consequence. 

Corollary 30 (Quantization of energy). If M is equivariantly convex 
at oo, then we have 

inf E(w) > 0, 

w 

where w = (P, A, u) ranges over all vortices on M 2 with P smooth and 
{A,u) of class Wfoc for some p > 2, such that E(w) > and u(P) is 
compact. 

Proof of Corollary [23 This is an immediate consequence of Proposi- 
tion [35] below and Lemma [28] □ 

This corollary implies that the minimal energy Ey of a vortex on M. 2 
(defined as in (|25|) ) is positive, and therefore E min > (defined as in 

The next lemma is used in the proofs of Proposition [19] and Lemma 
[221 It is a consequence of |GS[ Lemma 9.1]. Let (S,ws, j) be a surface 
with an area form and a compatible complex structure. For (6g and 
x G M we denote by L x ^ = X%(x) G T X M the (infinitesimal) action of 

Lemma 31 (Bounds on the moment map component). Let c > 0, 

Q C S \ <9£ and K C M be compact subsets, and p > 2. Then there 
exist positive constants Rq and C p such that the following holds. Let 
R > Rq, P a smooth principal bundle over S ; and {A,u) an R-vortex 
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on P of class W^ p , such that 

u(P) C K, 

\\dAU\\L°°{X) < C, 

|£|<c|L u(p) £|,Vp6P,V£e . 



Then 



[ \n o u\ p u s < C p R~ 2p , sup \tiou\ < C p R 2/p - 2 , 

Jo Q 



>Q Q 

where we view \fi o u\ as a function from £ to M. 

Proof of Lemma [3?l This follows from the proof of |GS[ Lemma 9.1], 
using Theorem [321 □ 

The next result is used in the proofs of Propositions and and 
Lemma |28j 

Theorem 32 (Regularity modulo gauge over compact surface). Let 
k G NU {oo} ; P a smooth principal G-bundle over S ; p > 2, and (A, u) 
a vortex on P of class W 1,p . Then there exists a gauge transformation 
g G iy 2 ' p (E, G) such that g*w is smooth over S \ <9£. 

Proof of Theorem EH This follows from the proof of ICGMS] Theo- 
rem 3.1], using a version of the local slice theorem allowing for boundary 
(see fWehl Theorem 8.1]). □ 

The next result is used in the proof of Proposition [35] below. 

Proposition 33 (Regularity modulo gauge over M 2 ). Let R > be 

a number, P a smooth principal G-bundle over M. 2 , p > 2, and w := 
{A,u) an R-vortex on P of class W^ p . Then there exists a gauge 
transformation g on P of class W 2 ^ p such that g*w is smooth. 

The proof of Proposition [33] follows the lines of the proofs of |Frl[ 
Theorems 3.6 and Theorem A. 3]. 

Proof of Proposition El 

Claim 1. There exists a collection (gj)j(z^, where gj is a gauge trans- 
formation over Bj + i of class W 2,p , such that for every j G N, we have 

(98) g*w smooth over Bj + i, 

(99) g j+1 = gj over Bj. 
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Proof of Claim [IJ By Theorem [32] there exists a gauge transformation 
<7i G W 2,P (B 2 , G) such that g*w is smooth. Let £ G N be an integer 
and assume by induction that there exist gauge transformations gj G 
W 2 ' p (B j+l , G), for j = 1, . . . , £, such that holds for j = 1, . . . , £, 
and (199]) holds for j — 1, ...,£— 1. We show that there exists a gauge 
transformation gi + \ G W 2,p (Bi +2 , G) such that 

(100) 9e+i w smooth over B( +2 , 

(101) # m = g t over 5^. 

We choose a smooth function p : B £+2 — >■ such that p(z) = z 

for 2 G -B^. By Theorem [32] there exists a gauge transformation h G 
W /2 -P(^ +2 , G) such that 

h*w smooth over Bi +2 . 

We define 

9t+i ■= h({h~ l gi>) o p). 

Then is of class W 2 ' p over Bi +2 , and ( llOip is satisfied. Furthermore, 
h*w is of class W k+l,p over and 

= {h~ l ge)*h*w smooth over B e+1 . 

Therefore, Lemma H3ll il]) below implies that h~ 1 gi is of class W h+2,p over 
Be + i. It follows that g\ +1 w = ((h~ 1 gi) o pj h*w is smooth over B^ +2 . 
Hence ( llOOp is satisfied. This terminates the induction and concludes 
the proof of Claim [1] □ 

We choose a collection (gj) as in Claim [1] and define g to be the unique 
gauge transformation on P that restricts to gj over Bj. This makes 
sense by ([99]) . Furthermore, ([98]) implies that g*w is smooth. This 
proves Proposition [331 □ 

The next result is used in the proof of Proposition [Tj|] 

Theorem 34 (Compactness for vortices over compact surface). Let 

S be a compact surface (possibly with boundary), an area form, j 
a compatible complex structure on E, P a principal G-bundle over S ; 
K C M a compact subset, R u G [0, oo), p > 2, and (A u ,u u ) an R v - 
vortex on P of class W 1)P , for every v G N. Assume that K v converges 
to some Rq G [0, oo), and 

u v {P) C K, sup \\d A „u u \\ LP{T: ) < oo. 
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Then there exist a smooth R^-vortex (Aq,uq) on P|X \ <9X and gauge 
transformations g v on P of class W 2 ' p , such that g*(A v ,u v ) converges 
to (A ,uq), in C°° on every compact subset o/E \ <9£. 



Proof of Theorem 34 This follows from a modified version of the proof 
of |CGMSl Theorem 3.2]: We use a version of Uhlenbeck compactness 
for a compact base with boundary, see Theorem HH below, and a version 
of the local slice theorem allowing for boundary, see [Weh, Theorem 
8.1]. Note that the proof carries over to case in which R v = for some 
v G N, or R = 0. □ 

The following result was used in the proofs of Theorem [1] and Corollary 



Proposition 35 (Boundedness of image). Assume that M is equiv- 
ariantly convex at oo. Then there exists a G-invariant compact subset 
K C M such that the following holds. Let p > 2, P a principal 
G-bundle over M 2 , and (A,u) a vortex on P of class , such that 
E{w) < oo and u(P) is compact. Then we have u{P) C Kq. 

Proof of Proposition \3b\ Let P be a principal G-bundle over R 2 . By 
an elementary argument every smooth vortex on P is smoothly gauge 
equivalent to a smooth vortex that is in radial gauge outside B\. Using 
Proposition [331 it follows that every vortex on P of class is gauge 
equivalent to a smooth vortex that is in radial gauge outside B\. Hence 
the statement of Proposition [351 follows from [GS[ Proposition 11.1]. 

□ 

The following lemma was used in the proof of Proposition [11] Consider 
the action of the group of translations of M 2 on the set of equivalence 
classes of smooth vortices over R 2 given by (j!4l) . 

Lemma 36. The restriction of this action to the set of vortices of finite 
positive energy is free. 

Proof of Lemma EE Assume that W is a smooth vortex over M 2 and 
v G M 2 is a vector, such that defining T : IR 2 — > R 2 by Tz := z + v, 
we have T*W = W. Then ew(z + nv) = ew{z) for every z G R 2 and 
n G Z. It follows that E(W) = oo, ew = 0, or v = 0. Lemma [361 
follows from this. □ 

Appendix B. Further auxiliary results 

The proof of Proposition |2"51 (Energy concentration at ends) is based on 
an isoperimetric inequality for the invariant action functional (Theorem 
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[39] below). Building on work by D. A. Salamon and R. Gaio |GS] . we 
define this functional as follows. (This is the definition from [Zi2j, 
written in a more intrinsic way.) 

We first review the usual symplectic action functional: Let (M, uj) be 
a symplectic manifold without boundary. We fix a Riemannian metric 
(•, -)m on M, and denote by d, exp, \v\,l x > 0, and ix '■= inf xe x i x > 
the distance function, the exponential map, the norm of a vector v G 
TM, and the injectivity radii of a point x G M and a subset X C M, 
respectively. We define the symplectic action of a loop x : S 1 — > M of 
length £{x) < 2i x rgi^ to be 



Jo 

Here OCR 2 denotes the (closed) unit disk, and u : D — > M is any 
smooth map such that 



u(e tt ) = x(t), Vt G R/(2ttZ) S 1 , d(u(z), u(z')) < L x{s i), V-z, G D. 



Lemma 37. T/ie action A(x) is well-defined, i.e., a map u as above 
exists, and A(x) does not depend on the choice of u. 

Proof. The lemma follows from an elementary argument, using the ex- 



Let now G be a compact connected Lie group with Lie algebra q. Sup- 
pose that G acts on M in a Hamiltonian way, with (equivariant) mo- 
ment map \i : M — > Q*, and that (■, -)m is G-invariant. We denote by 
(-, •) : q* x q — y K the natural contraction. Let P be a smooth principal 
G-bundle over S 1 and x G Cq (P,M). We call (P,x) admissible iff 
there exists a section s : S 1 — > P such that £(x o s) < 2l x / p \, and 



for every g G C , °°(S' 1 , G) satisfying £(g(x os))< £(x o s). 

Definition 38. Lei (P, x) fre an admissible pair, and a be a connection 
on P. We define the invariant symplectic action of (P, a, x) to be 




ponential map exp x{0+z) : T x{0+Z) M -)> M. 



□ 





where s : S* 1 — )■ P is a section as above. 
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(This is a modified version of the "local equivariant symplectic action 
functional" introduced by A. R. Gaio and D. A. Salamon in [GSJ.) To 
formulate the isoperimetric inequality, we need the following. If A is 
a manifold, P a principal G-bundle over A and u G Cq(P,M), then 
we define n : X — > M by u{y) := Gu(p), where p G P is any point in 
the fiber over y. We define M* as in ( JT71) . For a loop x : S 1 — > M*/G 
we denote by £(x) its length w.r.t. the Riemannian metric on M*/G 
induced by (•, -)m- Furthermore, for each subset X C M we define 

m x := inf {\L X £\ \ x G X, £ G : |£| = l}. 

The next result is Theorem 1.2 in IZi2j . 

Theorem 39 (Sharp isoperimetric inequality). Assume that there ex- 
ists a G -invariant u- compatible almost complex structure J such that 
(') ')m — ^(-, J-). Tnen /or ei>en/ compact subset K C M* and every 
constant c > ~ there exists a constant 5 > ratt i/ie following prop- 
erty. Let P be a principal G-bundle over S 1 and x G Cq(P,M), such 
that x(P) C K and £(x) < 5. Then (P,x) is admissible, and for every 
connection a on P we have 

\A(P, a,x)\ < c\\d a x\\l + - — 2~ 1 1 A* ° x \\l- 

K 

Here we view d a x as a one-form on S 1 with values in the bundle 
(x*TM)/G — > S l , and /i o x as a section of the co-adjoint bundle 
(P x q*)/G S 1 . Furthermore, S 1 is identified with M/(2ttZ), and 
the norms are taken with respect to the standard metric on R/(27rZ), 
the metric (•, •) u on M, and the operator norm on g* induced by (•, -) . 
(Note that in |Zi2[ Theorem 1.2] S l was identified with M/Z instead. 
Note also that hypothesis (H) is not needed for Theorem 1551) 

In the proof of Proposition [25] we also used the following result. For 
s G R we denote by i s : S 1 — > R x S 1 the map given by i s (t) := (s,t). 
Let X,X' be manifolds, / G C°°(X', X), P a principal G-bundle over 
X, A & connection on P, and u G Cq{P, M). Then the pullback triple 
f*(P,A,u) consists of a principal G-bundle P' over A', a connection 
on P', and an equivariant map from P' to M. 

Proposition 40 (Energy action identity). For every compact subset 
K C M* there exists a constant 5 > with the following property. Let 
s_ < s + fre numbers, £ := [s_,s + ] x S 1 , « n o^ea /orm on S ; j a 
compatible complex structure, and w := (A, -u) a smooth vortex over E 
fwjft respect to (u%, j), such that u(P) C A and 1{uol s ) < 5, for every 
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s G [s_,s+]. Then the pairs t* (P,u) are admissible, and 

E(w,E) = -A(l* s+ (P,A,u)) + A(l* s _(P,A,u)). 

Proof of Proposition \Jty This follows from |Zi2l Proposition 3.1]. □ 

The next result is used in the proof of Proposition CEO It is [Weh, 
Theorem A]. See also |Uhl Theorem 1.5]. 

Theorem 41 (Uhlenbeck compactness). Let n G N, G be a compact 
Lie group, X a compact smooth Riemannian n-manifold (possibly with 
boundary) , P a principal G-bundle over X , p > n/2 a number, and A v 
a sequence of connections on P of class W 1,p . Assume that 

sup \\F A J\ LP{X) < oo. 

Then passing to some subsequence there exist gauge transformations g v 
of class W 2 ' p , such that g* u A v converges weakly in W 1,p . 

The next result was used in the proof of Proposition [TJO Its proof 
goes along the lines of the proof of [MS} Proposition B.4.2]. 

Proposition 42 (Compactness for dj). Let M be a manifold without 
boundary, k G N, p > 2, J an almost complex structure on M of class 
C k , Qi C Q 2 Q ■ ■ ■ Q C open subsets, and u u : Q u —> M a sequence of 
functions of class W^. Assume that dju u is of class W l( £, for every 
v , and that for every open subset fl C \J v Q u with compact closure the 
following holds. If uq G N is so large that Q C Vl VQ then 

(102) 3K C M compact: u v (Q) C K, W > u , 

(103) ^Pu>u II^Ui/ 1| jy>(n) < oo> 

(104) sup^^ \\8jUv\\wi*.p(n) < oo. 

Then there exists a subsequence of u v that converges weakly in W h+1,p 
and in C k on every compact subset of[J u Q u . 

The next lemma is used in the proofs of Propositions [19] and [331 an d 
Theorem [TJ 

Lemma 43 (Regularity of the gauge transformation). Let X be a 

smooth manifold, G a compact Lie group, P a principal G-bundle over 
X , k G N U {0}, and p > dimX. Then the following assertions hold. 

(i) Let g be a gauge transformation of class and A a connection 
on P of class C k , such that g*A is of class C k . Then g is of class 
C k+1 . 
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(ii) Assume that X is compact (possibly with boundary). Let U be 
a subset of the space of W k,p - connections on P that is bounded 
in W k,p . Then there exists a W h+1,p -bounded subset V of the set 
of W k+1 ' p -gauge transformations on P, such that the following 
holds. Let A G U and g be a W 1,p -gauge transformation, such 
that g*A G U. Then g G V. 

Proof of Lemma\4^ This follows from induction in k, using the equal- 
ity dg = g[g*A) — Ag and Morrey's inequality (for (juj)). (See [Weh, 
Lemma A. 8].) □ 

The next proposition is used in the proof of Proposition [20] (Quantiza- 
tion of energy loss). 

Proposition 44. Let n G N, G a compact Lie group, P be a principal 
G-bundle overW 1 , and A, A' smooth flat connections on P. Then there 
exists a smooth gauge transformation g such that A 1 = g*A. 



Proof of Proposition 44_, (In the case n = 2, see also [Frll Corollary 



3.7].) In the case n = 1 such a g exists, since then the condition A' = 
g*A can be viewed as an ordinary differential equation for g. Let nGN 
and assume by induction that we have already proved the statement 
for n. Let P be a principal G-bundle over R n+1 , and A, A ; smooth flat 
connections on P. We define 1 : R n — > R n+1 by l(x) := (x, 0). By the 
induction hypothesis there exists a smooth gauge transformation go on 
l*P — )■ R™, such that 

(105) g* L*A = 1* A'. 

Since P is trivializable, there exists a smooth gauge transformation go 
on P such that i*go = go. 

Let x G R n . We define i x : R -> R" +1 by i x (t) := (x,t). There exists 
a unique smooth gauge transformation h x on l* x P — > R, such that 

(106) h* x L* x g*A = l* x A', h x {p) = 1, Vp 6 fiber of l* x P over G R. 

To see this, note that these conditions can be viewed as an ordinary 
differential equation for h x with prescribed initial value. Since this 
solution depends smoothly on x, there exists a unique smooth gauge 
transformation h on P such that L*h = h x , for every x G R n . The 
gauge transformation g := Tj^h on P satisfies the equation A 1 = g*A. 
This follows from (I105|ll06p and flatness of A and A'. □ 

The next result was used in the proofs of Proposition [TjH Remark 1231 
and Theorem [TJ Let M, cu, G, Q, (•, -) fl , //, J, E, u)%,j be as in Section 
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[TJ We define the almost complex structure J on M as in flSJ). For 
every open subset Q C S 2 = C U {00} the energy density of a map 
/ G W l,p {Vt,~M) is given by 

where the norm is with respect to the metrics j-) on E and cJ(-, J-) 
on M. Let P be a smooth principal bundle over E, A a connection on 
P, and w : P — > M an equivariant map. We define 

e7,u = \\d A u\\ 

where the norm is taken with respect to the metrics We(-, j-) on E and 
u>(-, J-) on M. Furthermore, we define 

u : E M, u(z) := Gtt(p), 

where p G P is an arbitrary point in the fiber over z. 

Proposition 45 (Pseudo-holomorphic curves in symplectic quotient). 
Let P be a smooth principal G-bundle over E ; p > 2, A a W l( £- 
connection on P, and u : P — >■ M a G-equivariant map of class W l( £, 
such that fMou — Q. Then we have 



e u — e A,u- 

If (A,u) also solves the equation dj t A(u) = then 

dju = 0. 

Proof of Proposition This follows from an elementary argument. 
For the second part see also [Gal Section 1.5]. □ 

In the proof of Theorem [1] we used the following lemma. 

Lemma 46 (Bound for tree). Let k G N U {0} be a number, (T,E) 
a finite tree, a%, . . . , G T vertices, f : T — » [0, 00) a function, and 
Eq > a number. Assume that for every vertex a G T we have 
(107) 

f{a)>E or #{/?eT|aE0} + #{ie{l,...,fc}|ai = a}>3. 
Then 

#T< 2E °f f{a) +k. 

Proof of Lemma\^b\ This follows from an elementary argument. (It is 
Exercise 5.1.2. in the book [MS].) □ 
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We used the following facts about sequences of Mobius transformations 
in the proof of the Bubbling Theorem in the case k > 1. 

Remark 47. Let x, y G S 2 be points and <p u a sequence of Mobius 
transformations that converges to y, uniformly on every compact subset 
of S 2 \ {x}. Then y?" 1 converges to x, uniformly on every compact 
subset of S 2 \ {y}. This follows from an elementary argument. (It is 
Exercise D. 1.3 in the book [MS] .) □ 

Lemma 48 (Convergence for Mobius transformations). Let ip v be a 

sequence of Mobius transformations and x,y G S 2 be points. Suppose 
there exist convergent sequences x",x 2 ,y u G S 2 such that 

x ^ lim^oo x\ ^ lim^oo x v 2 ^ x, y^ liim,^ y u , 

lim^oo <p u (x?) = hm^oo <f u (x 2 ) = y, lim^oo <f~ 1 (y 1 ') = x. 

Then <p u converges to y, uniformly with all derivatives on every compact 
subset of S 2 \ {x}. 

Proof. This follows from |MS| Lemmata D.1.4 and 4.6.6]. □ 

Lemma 49 (Middle rescaling). Let x, x u , y G S 2 be points and <p u be a 
sequence of Mobius transformations that converges to y, uniformly on 
compact subsets of S 2 \{x}, such that x v converges to x and (p v {x v ) con- 
verges to y. Then there exists a sequence of Mobius transformations tp u 
such that ip v {l) = x v , ip v converges to x, uniformly with all derivatives 
on compact subsets of S 2 \ {oo} ; and <p u oip u converges to y, uniformly 
with all derivatives on compact subsets of S 2 \{0}. Moreover, if x' ^ x 
is any point in S 2 then we may choose ip v such that ip v (oo) = x' . 



Proof of Lemma [JM Let x' ^ x and y" ^ y be any two points in S 



2 



It follow from Remark H7| that for v large enough the three points 
x" v := f' 1 ^"), x u , x' are all distinct. W.l.o.g. we may assume that this 
holds for every v. For v G N we define ipv to be the unique Mobius 
transformation such that 

^(0) = x", i/} v (l) = x u , tpu(oo) = x'. 

Then the hypotheses of Lemma 1481 with ip u ,x,y replaced by i[) u ,oo,x 
and x\ := 0, x v 2 '■— 1 and y v := x' are satisfied. Hence by that Lemma 
the maps ip v converge to x, uniformly with all derivatives on compact 
subsets of S 2 \ {oo}. Moreover, the hypotheses of the same lemma 
with f u ,x replaced by <p v o ip u ,0 and x\ := 1, x 2 '■— oo and y u := y" 
are satisfied. It follows that <p v o ip v converges to y, uniformly with all 
derivatives on compact subsets of S 2 \ {0}. This proves Lemma |4"§1 □ 
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The next result was used in the proof of Proposition [2H Let (X, d) 
be a metric space, (d is allowed to attain the value oo.) Let G be a 
topological group and p : GxX — > X a continuous action by isometries. 
By 7r : X — > X/G we denote the canonical projection. The topology 
on X, determined by d, induces a topology on the quotient X/G. 

Lemma 50 (Induced metric on the quotient). Assume that G is com- 
pact. Then the map d : X/G x X/G — > [0, oo] defined by 

d(x,y) := min _d(x,y) 

xGx,y£y 

is a metric on X/G that induces the quotient topology on X/G. 
Proof of Lemma\5(h This follows from an elementary argument. □ 
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